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Abbreviations and Definitions

ATP Adenosine triphosphate
BCL-2 B-cell lymphoma 2

Ca?* Plasma ionized calcium concentration
CaSR Calcium sensing receptor

CKD Chronic kidney disease

Cl Confidence interval

FDA Food and drug administration

MBD Mineral and bone disorder

Ca?* lonized plasma calcium concentration
CREB cAMP response element-binding protein (transcription factor)

ECF Extracellular fluid

ECC Extracellular compartment

FGF-23 Fibroblast growth factor 23
GFR Glomuerular filtration rate, amount of filtrate produced by both kidneys in an hour
HD Hemodialysis
HBS Hungry bone syndrome
IC Intracellular

OPG Osteoprotegerin

PTH Parathyroid hormone

PHP Primary hyperparathyroidism

PTG Parathyroid gland

RANK Receptor activator of NF-xB



RANKL Receptor activator of NF-xB ligand
Runx2 Runt-related transcription factor 2
SD Standard deviation
SHPT Secondary hyperparathyroidism
TGF-3 Transforming growth factor beta

VDR Vitamin D receptor
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Parameter | Description | Formula
Dose D Amount of drug administered
Plasma concentration (' (Time dependent) plasma con-
centration of a drug
Craz Chaz Peak plasma concentration of
a drug after administration
tmaz tima Time to reach C,,,..
Terminal half-life t1/2 Half-life of elimination phase
Distribution half-life 2, Half-life of distribution phase
Area under the curve  AUC | Integral over the plasma con- | [/ C/(t)dt
centration
Total exposure AUC | Total amount of drug in the | [;° C(t)dt
plasma
Bioavailability BIO | The systemically available | Bio = %
fraction of a drug. It is es-
timated by the ratio of the
AUC of an orally administered
drug and the AUC of an in-
travenously (iv) administered
drug. In our formula we as-
sume the same dose for oral
and iv administration
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Apparent volume of Vp Apparent volume in which a VD:DM

distribution at steady
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drug is distributed at steady
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1 Zusammenfassung

Im gesunden Korper wird Kalzium- und Phosphathomdostase durch ein komplexes re-
gulatorisches System gewahrleistet. Das System umfasst etliche lonen und Hormone
sowie deren Auswirkung auf Niere, Knochen und Darm. Gerat das Gleichgewicht durch
den Verlust der Nierenfunktion ins Wanken, kommt es bei der gro3en Mehrheit von Pati-
entlnnen mit Nierenerkrankung im Endstadium zu einer Stérung des Mineral- und Kno-
chenhaushaltes. Klinisch manifestiert sich diese systemische Stérung unter anderem
durch sekundaren Hyperparathyreoidismus, renale Osteodystrophie sowie vaskulare
Kalzifizierung.

Jene Mechanismen, die letztendlich zur Stérung des Mineral- und Knochenhaushal-
tes fUhren, sind hoch komplex und multidimensional. Mathematische Modelle kénnen
helfen, im komplexen regulatorischen System der Kalzium- und Phosphathomdostase
die zentralen Mechanismen zu identifizieren und analysieren und dadurch Rickschllisse
auf das System sowie mégliche Behandlungen zu ziehen.

Ziel dieser Arbeit war es, die physiologischen Schlisseleigenschaften der Hauptre-
gulatoren des Mineral- und Knochenhaushalts in mathematische Modelle zu Ubersetzen.
Der Fokus lag dabei auf Hamodialysepatientinnen. Die Vorhersagekraft der Modelle
wurden mit Hilfe klinischer und experimenteller Daten getestet. Das integrierte Mineral-
und Knochenhaushaltsmodell kann etwa Hypokalzamia als Folge einer Phosphatinfu-
sion sowie Hyperkalzamie und Hyperkalziurie in Patientlnnen mit primaren Hyperpa-
rathyreoidismus erklaren. In Patientinnen mit chronischer Nierenerkrankung sagt das
Modell sekundaren Hyperparathyreoidismus sowie erhohten Knochenumsatz und Kno-
chenschwund voraus. Aufgrund der Divergenz zwischen den auf einem Basismodell
vorhergesagten Phosphatverlaufen und jenen aus klinischen Studien mit dem Kalzi-
mimetik Cinacalcet, stellten wir eine Hypothese betreffend der Bildung von Kalzium-
Phosphatkomplexen auf.

Alle Modelle und ihre Parameter basieren auf physiologischen Prinzipien und Daten.
Daher kénnen sowohl die Modelle als auch die Parameter problemlos an unterschied-
liche Rahmenbedingungen angepasst werden. Beispiel hierfir waren Mutationen des
kalziumsensitiven Rezeptors oder langfristige Anderungen des Lebensstils wie etwa ei-
ne Diatumstellung.

Xl



2 Abstract

Chronic kidney disease - bone mineral disorder (CKD-MBD) is a complex disorder af-
fecting the vast majority of chronic kidney disease patients. A hallmark of CKD-MBD
is altered parathyroid gland biology resulting in secondary hyperparathyroidism, renal
osteodystrophy, and vascular calcification.

CKD-MBD evolves due to an imbalance in the highly complex and multi-dimensional
regulatory system ensuring calcium and phosphate homeostasis. This regulatory sys-
tem involves many ions and hormones and their actions on the kidney, bone, intestine,
and parathyroid gland. Due to the disorder’s complexity, mathematical models help
gain new insight into the disorders’ development. Moreover, they could prove useful
in finding the optimal strategy regarding the combination of standard treatments such
as calcimimetics, even under the aspect of genetic variances of the calcium-sensing
receptor (CaSR), calcitriol therapy, or lifestyle changes including phosphate diet or the
administration of phosphate binders.

The aim of this thesis was to translate critical physiological properties of the pri-
mary regulators of calcium and phosphate homeostasis into mathematical models and
integrate these models into a comprehensive model of calcium and phosphate home-
ostasis. The main focus lies on patients suffering from end-stage renal disease. We test
the integrated model against various clinical manifestations during acute and chronic
disturbances of homeostasis. For example, the model can explain hypocalcemia as a
response to phosphate infusion or hypophosphatemia and hypercalcemia in primary hy-
perparathyroidism patients. In patients with chronic kidney disease (CKD) and hemodial-
ysis (HD) patients, the model predicts secondary hyperparathyroidism and high bone
turnover and bone loss. The divergence between model predictions and clinical ob-
servations regarding cinacalcet treatment suggests the existent of a point of no return
regarding calcium-phosphate precipitation resulting in vascular calcification.

All models and their parameters are physiologically meaningful such that adapta-
tions of the models to different conditions are straightforward. Such adaptations would
be mutations of the calcium-sensing receptor or changes such as low or high phosphate
diet.

Xl



3 Introduction

Chronic kidney disease (CKD) is a general term for abnormal kidney structure or function
present for more than three months, irrespective of cause (135). CKD is divided into 5
stages (135):

G1 - Glomerular filtration rate (GFR) is normal (> 90 ml/min/1.73 m?), but other
kidney damage signs such as proteinuria or hematuria are present

G2 - GFR is between 60-89 ml/min/1.73 m?
G3a - GFR is between 45-59 ml/min/1.73 m?2
G3b - GFR is between 30-44 ml/min/1.73 m?2
G4 - GFR is between 15-29 ml/min/1.73 m?2

G5 - Kidney failure or end-stage renal disease: GFR is below 15 ml/min/1.73 m?
or treatment by hemodialysis

Reduced GFR is associated with a higher risk of hospitalization, death, and cardiovas-
cular events (79, 218). Cardiovascular disease is the leading cause of death in CKD
patients of all stages (44, 79, 179, 190). As the global prevalence for all five CKD stages
is around 13.5% (100), CKD provides a significant global public health problem. In 2017,
about 750,000 adults in the USA needed hemodialysis or a kidney transplant to survive
(72).

The two main causes of CKD are diabetes and high blood pressure (109). Devel-
opment and progression of CKD is also closely related to unhealthy lifestyles such as
obesity, lack of exercise, or smoking (88, 97, 106, 153, 159). Furthermore, unhealthy
diets such as high sodium, soft drinks, or animal protein and fat intake may result in CKD
(88,137, 138).

The vast majority of CKD patients suffers from a systemic disorder called chronic
kidney disease - mineral and bone disorder (CKD-MBD) (155, 171). Its hallmarks are
one or a combination of the following (109, 171, 226):

(1) abnormalities of calcium, phosphate, parathyroid hormone (PTH) or vitamin D
metabolites

(2) abnormalities in bone turnover and mineralization



(3) extra-skeletal calcification

CKD-MBD is associated with high morbidity and mortality in hemodialysis patients (155,
171, 190). The declining kidney function in CKD patients results in an imbalance in the
exquisite and multi-factorial regulatory system, ensuring calcium and phosphate home-
ostasis. This mineral imbalance results in various abnormalities of mineral and bone
metabolism.



3.1 CALCIUM AND PHOSPHATE HOMEOSTASIS

Calcium is the most abundant mineral in the human body (173). About 99% of the
roughly 30 mol of calcium an adult body contains is stored in the bone (46, 173), only
1% is present in the body fluids. Non-bone calcium exists in three forms: complexed with
other ions such as phosphate (5-10%), bound to proteins, most prominently to albumin
(40%), or in an ionized form (50-55%) (162, 173).

lonized plasma calcium concentration (Ca®*) has to be maintained within a narrow
physiologic range. In each individual, Ca2*is kept within £+ 1-2% (35). Since Ca?*is
essential for many physiological processes, such as nerve transmission and nerve con-
duction, cardiac contractility and muscle contraction, bone formation, or blood coagula-
tion, acute or chronic deviations from homeostasis generally result in metabolic disorder
and pathologic conditions such as tetany, seizures, or ectopic calcification of soft tissue,
e.g., (16, 49). Calcium homeostasis is coupled with phosphate homeostasis (17, 183),
although phosphate is not as tightly regulated as calcium (12, 201).

Phosphate accounts for approximately 1% of body weight in an adult (147). About
85% of phosphate is stored in the bone; the remaining 15% is stored in the extracellular
fluid and the soft tissue (147). In the plasma, 15% of inorganic phosphate is protein-
bound (147, 213).

An exquisite system of feedback regulators ensures Ca®*and phosphate homeosta-
sis (17, 183). These regulators involve the major organs that transport or store calcium
and phosphate (i.e., the intestine, the kidney, and bone) and endocrine organs. The
key endocrine organ for the regulation of calcium is the parathyroid gland (PTG), which
produces, stores, and eventually releases the parathyroid hormone (PTH) (27).

In the next sections, we discuss the physiology of the critical regulators of calcium
and phosphate homeostasis relevant for CKD patients and CKD-MBD development in
more detail.



3.2 PARATHYROID GLAND

PTH is the key endocrine regulator for calcium homeostasis. It directly stimulates
e renal calcium reabsorption (17, 142)
e renal phosphate excretion (119, 125)

¢ renal-hydroxylase to convert 25-hydrocycholecalciferol to its bioactive form 1,25-
Dihydroxycholecalciferol (calcitriol) (172)

e bone resorption resulting in a net flux of calcium and phosphate from the bone to
the extracellular fluid (ECF) (126)

e Fibroblast growth factor 23 (FGF-23) synthesis in the bone (116, 201)

In indirectly stimulates intestinal calcium and phosphate absorption via calcitriol, which
enhances active transport of calcium and phosphate in the small intestines.

PTH is synthesized by the PTG where is either degraded, stored, or released. Glan-
dular cells cycle through a secretory active and a secretory quiet state (70, 217). Only
secretory quiescent cells can undergo proliferation or apoptosis (217). The life-span of
PTG cells is in the order of years. PTG cells are replicating discontinuously and condi-
tionally. The replication rate is evaluated by analyzing the Ki-67 cell marker, a nuclear
protein associated with cellular proliferation (1). The geometric mean PTG cell-birth rate
of 5.24% per year (Cl: 0.81 - 33.8% per year) is neither influenced by age, sex, nor
race (224). Moreover, the cell-birth rate is the same between central and peripheral re-
gions (224), indicating that there might be no need for a spatial cell proliferation model
in healthy subjects.

Two mechanisms are ensuring high levels of PTH release:

(A) increase of PTH release of each secretory active cell by
— the increased release of stored PTH
— decreased intracellular degradation

— increased biosynthesis of PTH
(B) the rise in the number of contribution cells by enhanced cellular proliferation.

The different adaptive responses manifest on significantly different time scales, reacting
within seconds to weeks. In acute hypocalcemia, the body responds by quickly releasing



stored PTH within seconds to minutes. If the issue is not resolved, the intracellular
PTH degradation rate declines within 20 minutes (197). If normocalcemia is still not
achieved, the PTH production rate increases within hours (89). Subsequently, the PTG
will increase its cellular proliferation rate within two days (217). If untreated, the chronic
scenario eventually leads to hyperplasia whereby the PTG mass can increase 10-100
fold or more (75) (Figure 3.1).

The mathematical model’s two main challenges are: (1) the time scales for the adap-
tation mechanisms are significantly different, ranging from seconds to months, and (2)
the history dependence of the system’s state. It is not sufficient to know the current
calcium, phosphate, and calcitriol concentrations to determine the system’s state. We
instead need to know the condition’s whole history to assess whether or not different
adaptation mechanisms are already in place.

Seconds Minutes Hours Days Months / Years

L —

Acute response: Release of pre-formed PTH
First adaption: reduced PTH degradation rate
Second adaption: enhanced PTH production rate

Third adaption: increased proliferation rate

Figure 3.1 Graph from Schappacher-Tilp et al. (192) by CC-BY. Timeline for PTH se-
cretory rate summarizing results presented in (34, 83, 89, 160, 197, 217). Darker color
corresponds to a higher PTH secretory rate. The various mechanisms working of differ-
ent timelines ensure elevated PTH secretion over a long period.

3.2.1 CaSR

The CaSR regulates PTG biology. It is a G-protein coupled receptor (39, 42, 47, 96). Its
signaling cascade, triggered by the binding of Ca?*, inhibits the release of PTH, cellular
proliferation, and PTH synthesis (42, 47, 96). The response of PTH to small changes
of serum Ca?*is dramatic and most likely due to positive cooperativity (176). There is
a positive feedback loop between the CaSR and the vitamin D receptor (37, 217). It
has been shown that calcimimetics increase vitamin D receptor expression in rat PTG
(187). On the other hand, calcitriol proved to be effective in lowering PTH serum levels
in most patients (Fig. 3.2). While in some studies, oral pulse therapy of calcitriol was
even effective in reducing hyperplastic PTG volume (76), other studies could not find
the same effect (76). The main difference between these studies was the baseline
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Figure 3.2 Sketch of a secretory active PTG cell. The activated CaSR inhibits PTH
synthesis rate, increases PTH intracellular degradation rate, and inhibits PTH release.
There is a positive feedback loop between the CaSR and the VDR. For the sake of
clarity, we did not include the effect of phosphate on CaSR and VDR expression. Phos-
phate decreases CaSR and VDR expression and diminishes the positive feedback loop
between CaSR and VDR.

phosphate levels, which were significantly higher in the second study (5.8 vs. 6.4-7.33
mg/dl). Moreover, glandular volume was 2-fold higher in the second study. In (217), the
authors could provide evidence that the likelihood of a positive effect of calcitriol of PTG
proliferation decreases with increasing PTG volume.

Another primary regulator of the CaSR is phosphate. Various studies in uremic
rats showed that a high phosphate diet enhances PTG proliferation within a few days
(55, 160, 208). While low calcium intake leads to similar results, the time is significantly
longer. Notably, the presence of high phosphate levels effectively diminishes the pos-
itive feedback loop between CaSR and VDR (37). Recently, researchers showed that
phosphate acts directly on the CaSR via non-competitive antagonism (38). Pathophys-
iologic phosphate concentrations frequently observed in CKD patients quickly increase
PTH secretion from isolated PTG cells. This effect is reversible. Phosphate reduced diet
at the onset of CKD can help to control PTH levels (188).

In patients suffering from end-stage renal disease, the loss of the regulatory kid-
ney function triggers a cascade of pathologies, eventually leading to secondary hyper-



parathyroidism (SHPT). One hallmark of chronic kidney disease is the impaired syn-
thesis of calcitriol and the significantly impaired renal clearance of phosphate and PTH
(136). Due to the positive feedback between phosphate and PTH, the retention of phos-
phate increases PTH levels further. PTH increases bone resorption over bone formation,
resulting in a net release of Ca?*and phosphate from the bone (84). As a consequence,
PTH and phosphate levels increase further. Expression of CaSR and VDR is reduced
and, therefore, also the sensitivity of the PTG to Ca2*and calcitriol (24, 80). If not treated,
PTG will develop hyperplasia (83, 217).

3.2.2 Cinacalcet

Cinacalcet is a calcimimetic that effectively lowers PTH release by allosteric activation
of the CaSR (19, 22, 58). It is commonly used in hemodialysis patients to treat sec-
ondary hyperparathyroidism (19, 58). A single oral dose leads to an inverse relationship
between PTH and cinacalcet. PTH concentration is greatest when cinacalcet concen-
tration is lowest (90) while the lowest PTH concentration point is reached at ¢,,,, of
cinacalcet (90). The effect - concentration profile can be approximated by an inhibitory
maximal effective concentration E,,,, model:

E ez - Conce

E =
050 + Conc

L is the effect and (5, the concentration of cinacalcet, where 50% of the maximal effect
is reached. From effect-concentration curves, we can deduce that (s, is 6.2ng/ml and
E,q. 1s around 99% (90). In another study, the authors investigated PTH - time curves
after a single dose of cinacalcet at a pharmacokinetic steady state, i.e., each patient
was treated with cinacalcet for at least six days (57). The study showed that cinacalcet
lowers PTH significantly. However, a substantial decrease in PTH is accompanied by
elevated PTH concentrations after around 12 hours.

Cinacalcet is highly protein-bound (67). Therefore, hemodialysis does not influence
the plasma-drug curve. Pharmacokinetics of cinacalcet is the same in HD patients and
healthy subjects (168). Cinacalcet treatment lowers maximum PTH levels over months
(19, 20, 168). A long-term study showed that even the volume of hemodialysis patients’
hyperplastic parathyroid glands is reduced by cinacalcet treatment (151). Depending on
the PTG baseline volume, the reduction was between 68% and 54%. The decrease in
PTG volume was accompanied by a significant decrease in PTH concentrations (1196
+ 381 pg/ml vs. 256 + 160 pg/ml).

Another main observation of clinical studies was that plasma Ca®*declines signif-



icantly during the administration of cinacalcet, reaching a minimum after around 8-10
weeks after the start of cinacalcet administration (19, 21). The majority of studies also
reported a mean decrease in phosphate plasma concentration (21, 58, 66, 154). No-
tably, the reduction of calcium during cinacalcet therapy resembles the so-called hun-
gry bone syndrome (HBS). HBS is prolonged hypocalcemia with hypophosphatemia in
patients undergoing parathyroidectomy and is associated with intensive bone turnover
(26, 81). However, cinacalcet induced hypocalcemia recovers in most patients sponta-
neously as the PTG can still react to falling calcium levels (19, 21, 43, 154).



3.3 INTESTINAL CALCIUM AND PHOSPHATE ABSORPTION

We distinguish between net absorption and true absorption. Net absorption is defined
as the intake minus the loss in feces in a normalized amount of time. However, there is
also a flux of endogenous calcium and phosphate to the intestine due to their presence
in digestive juices. A fraction of the secreted calcium and phosphate will be reabsorbed.
Therefore, the true amount of absorbed calcium and phosphate is higher than the net
absorption. Fractional true absorption declines with intake, while fractional net calcium
absorption rises from a negative value to a maximum before it falls towards the diffusion
fraction (29). The difference between net absorption and true absorption is most promi-
nent at low calcium diets where net absorption might be negative, while true absorption
is always positive. The amount of calcium re-entering the intestines and, therefore, true
absorption can be quantified by dual-isotope methods, e.g., (61, 228).

Several approaches are trying to predict the amount of endogenous calcium re-
entering the intestines. While it seems that the fraction is independent of plasma ionized
calcium concentration, it correlates with phosphate intake, i.e., endogenous calcium
rises by 0.037 mmol for every mmol of phosphorus ingested in healthy subjects (54).
Furthermore, body size plays a role, i.e., the surface area defined as 0.20247-Height""%.
Weight™*?*| where height is measured in m and weight is measured in kg, correlates
significantly with endogenous calcium (r=0.655, p<0.01). Interestingly, also height cor-
relates with endogenous calcium (r=0.862, p<0.01). Both results are presented in the
same paper (54), suggesting that surface area does not capture the effect of the body
size. However, it is expected that endogenous calcium varies with ingested intake and,
therefore, body size since the mucosal mass increases linearly with body size (56). An-
other parameter to describe body size is lean body mass. In (94), the authors reported
that the mean total concentration of endogenous calcium increased by 1.6 mg/day on av-
erage for every kg lean mass. Lean body mass is defined as lean mass = body weight -
body fat. Lean mass can be approximated by 0.32810- Weight+0.33929-Height —29.5336
in men and 0.2957 - Weight + 0.4181 - Height — 43.2933 in women, where weight is mea-
sured in kg, height is measured in cm.

3.3.1 Physiology

Intestinal calcium and phosphate absorption occur in the small intestines. Both cross
the intestinal barrier via two pathways (71, 91, 92, 158, 180, 222):

(a) transcellular pathway



(b) paracellular pathway

Paracellular transport is passive and takes place across all of the small intestines.

Transcellular or active transport is saturable and takes mainly place in the duode-
num and upper jejunum (30, 71, 91, 92). Active transport involves three steps: (1) entry
across the brush border, (2) intracellular diffusion, and (3) extrusion (Fig. 3.3). For
calcium, step 1 is mediated by calcium-selective ion channels (CaT1) and step 3 by
CaATPase (CaBP) (30, 71, 158). Biosynthesis of CaT1 is roughly 90% calcitriol depen-
dent, CaBP synthesis if fully calcitriol dependent (71, 199). Since calcitriol synthesis is
down-regulated by calcium, active transport is saturable. In high calcium diets, passive
transport accounts for the major part of absorbed calcium (71, 199). In hemodialysis
patients, the synthesis of calcitriol is impaired, which results in significantly less calcium
absorption. In (199), the authors reported mean net absorption of calcium in healthy
subjects, HD patients, and HD patients with calcitriol therapy. Mean calcitriol plasma
concentrations (+ standard error of the mean) were 48 pg/ml (+ 4) in healthy subjects,
9 pg/ml (£ 1) in HD patients, and 84 pg/ml (£ 13) in HD patients with calcitriol therapy.
Net calcium absorption of a meal containing approximately 300 mg calcium was only
43 mg (4 31) in HD patients compared to 119 mg (4 21) in healthy control subjects
(199). With calcitriol therapy, the mean net absorption in HD patients was 175 mg (+
40). This effect is emphasized when the calcium content of the meal is small, i.e., 120
mg. Mean net absorption in healthy subjects, HD patients, and HD patients receiving
calcitriol therapy was approximately 44 (4 22), -26 (+ 4), and 88 (+ 15), respectively.

For phosphate, transcellular transport is mainly based on sodium-dependent phos-
phate co-transporter NaPi-llb (91, 92, 149, 156, 158, 222), which regulates approxi-
mately 90% of active absorption (189). Again, calcitriol up-regulates the synthesis of
NaPi-llb (149). In (180), the authors reported net phosphate absorption in healthy sub-
jects (mean calcitriol plasma concentration 48 pg/ml (£ 4)), HD patients (mean calcitriol
plasma concentration 7 pg/ml (+ 2)) and HD patients with calcitriol therapy (mean cal-
citriol plasma concentration 94 pg/ml (== 14)). A mean intake (4 standard error of the
mean) of 303 mg (+ 4) phosphorus led to net absorption of 242 mg (+ 30 mg) in healthy
subjects, while a mean intake 308 mg (4 3) phosphorus led to net absorption of 186 mg
(= 35) in HD patients. In HD patients with calcitriol therapy, net absorption of a meal
with 315 mg (£ 4) phosphorus content was 272 mg (£ 16).

A limiting factor for a structural mathematical model is that phosphate absorption is
hard to quantify. Phosphorus is a natural and abundant food component available as
either inorganic phosphate salts or as a constituent of phosphoproteins. While the ab-
sorption of phosphorus of plant-origin is below 40%, the net gastrointestinal absorption
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Figure 3.3 Paracellular and transcellular calcium transport. Transcription is indicated
by the dotted line. Calcium can diffuse passively via the tight junctions. Active trans-
port involves the entry across the brush border of enterocytes, binding to calbindin and
intracellular diffusion, and extrusion.

of inorganic-phosphorus-containing preservatives is approaching 100% (156). Since
the exact diet is generally unknown, it is inefficacious to model phosphate absorption in
great detail. On average, the net absorption of phosphorus in healthy subjects is around
60%.

Calcium absorption is not easy to quantify, either. Calcium is absorbed more effi-
ciently if the calcium content in the diet is low. Therefore, it makes a significant difference
whether daily calcium is consumed, for example, in 8 small or 2 large meals (93). If we
assume relatively constant eating preferences, a simplified absorption model might be
the better choice for the integrated calcium and phosphate homeostasis model.

Balance studies are mostly based on one meal after a fast with smaller or larger cal-
cium or phosphate contents. Therefore, we cannot quantitatively compare predictions
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of daily absorptions with this type of study. Thus, we refrain from fitting data and instead
calibrate the absorption models based on the following basic assumptions: a calcium
diet of 25 mmol/day leads to net absorption of approximately 4 mmol/day, a phosphate
diet of 38 mmol/day leads to net absorption of about 22 mmol/day (30, 189).
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3.4 RENAL REGULATION OF CALCIUM AND PHOSPHATE

3.4.1 Physiology of renal calcium handling

In healthy subjects, intestinal absorption of calcium and phosphate is balanced by renal
excretion. Various feedback systems regulate renal regulation of phosphate and calcium
excretion and reabsorption.

lonized and complexed fractions of calcium are ultrafilterable, while protein-bound
calcium is not. Therefore, approximately 55 - 60% of calcium can be filtrated by the
kidneys (17, 166). In healthy subjects, about 220 mmol calcium is filtered per day. The
kidneys reabsorb around 98% of the filtered calcium load, and only about 3-5 mmol are
excreted daily (17, 166, 183). Approximately 60 - 70% of filtered calcium is reabsorbed
in the proximal convoluted tubule, 20% in the Henle’s loopy, 10% in the distal convoluted
tubule (Fig. 3.4). Around 80% of proximal tubular calcium reabsorption occurs paracel-
lular, 20% transcellular. While paracellular and transcellular pathways are present in the
Henle’s loop, the distal tubule reabsorbs calcium exclusively via the transcellular route
(166) (Fig. 3.5). PTH regulates transcellular transport (17).

Besides, the CaSR regulates calcium reabsorption. Inhibition of the CaSR increased
the permeability to the paracellular pathway’s calcium, thereby increasing calcium ab-
sorption and blood calcium concentration independently of PTH (142).

The relationship between serum calcium and renal calcium excretion is non-linear.
There is a renal threshold for calcium, which corresponds to the plasma concentration
of calcium above which calcium is detectable in the urine. Another crucial parameter is
the maximum rate with which actively reabsorbed calcium is transported by the tubular
cells, T,,,. Since some channels might reach their full capacity before others do, the renal
threshold is generally smaller than 7,,,/GFR, where GFR is the glomerular filtration rate.
The difference between the maximal renal resorption (7,,,/GFR) and the renal threshold
is called splay. For concentrations above the maximal renal resorption, the slope of re-
nal Ca?*excretion is equal to the filtration rate. In the absence of PTH and calcitriol, the
maximal renal resorption is decreased, resulting in a shift of the excretion curve towards
lower calcium concentrations. In loss-of-function mutations of the CaSR, the slope is
significantly smaller (95). The renal threshold for calcium is around 1.875-2.25 mMol.
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Figure 3.4 Artwork by Holly Fischer / CC BY. The sketch shows the structure of a
nephron, including the proximal tubule, the Henle’s loop, and the distal tubule.

3.4.2 Physiology of renal phosphate handling

The kidney freely filters ionized and ion-bound forms of phosphate. These forms repre-
sent approximately 85-90% of total plasma phosphate (191). About 75 - 85% of the daily
filtered phosphate load is reabsorbed by the renal tubules (183). Approximately 85% of
phosphate reabsorption occurs in the proximal tubule, while about 10% occurs in the
Henle’s loop. Only 3% of phosphate reabsorption occurs in the distal convoluted tubule
(Fig. 3.4). There are two reabsorption pathways: transcellular reabsorption as well
as the paracellular reabsorption. Transcellular reabsorption via co-transporter NaPi-lla
and NaPi-llc is dominant in the proximal tubule, which accounts for approximately 80%.
Transcellular reabsorption is down-regulated by PTH since high levels of PTH cause a
decrease in the number of transporters (17, 69).

Again, the relationship between phosphate excretion and plasma phosphate levels
is non-linear. The renal threshold of phosphate is roughly between 1.14 and 1.25 mMol.
Under phosphate homeostasis, approximately 210 mmol are filtered daily, of which 22
mmol are excreted daily.
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Figure 3.5 Renal calcium handling. The different segments of a nephron reabsorb cal-
cium via paracellular and transcellular pathways. Activation of the CaSR down-regulates
paracellular transport. PTH increases calcium reabsorption in both pathways; calcitriol
enhances active reabsorption via transcriptional activities. CB denotes calbindin.
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3.5 CALCITRIOL

Calcitriol is the most potent bio-active form of vitamin D (14, 60). Systemically, cal-
citriol binds to the VDR in the PTG, kidney, intestine, and bone. Vitamin D3 is produced
in the epidermis and hydroxylated to 25(OH)Ds in the liver (14, 60). 25(0OH)D; is the
primary storage form of vitamin D (172). 25(OH)D3 is converted to calcitriol in the prox-
imal tubule of the nephron by the enzyme 250HD-1a hydroxylase (CYP27B1) (172)
(Fig. 3.6). Knock-out animal models of this gene produce rickets, growth retardation,
hypophosphatemia, hypocalcemia, hyperparathyroidism (53).

Vitamin D

l Bone
Liver Kidney /

Calcidiol Calcitriol i
(25-OH-D3) ———— (1,25(OH)2D) |

———— | Small intestine

Figure 3.6 In the liver, Vitamin D is hydroxylated to 25(OH)D3. 25(OH)Dj3 is hydroxylated
to calcitriol in the kidneys. The parathyroid gland, the small intestines, the bone, and the
kidney itself are the main target organs of calcitriol.

Several factors, such as calcitonin, estrogens, and cytokines, regulate calcitriol syn-
thesis (139). Moreover, the conversion from 25(OH)D3 to calcitriol is stimulated by
PTH and down-regulated by high Ca?*and phosphate concentrations and high levels
of calcitriol itself (Fig. 3.7). The plasma concentration of calcitriol is about 1000 times
less than the concentration of 25(OH)D3 (172). High PTH concentrations suppress 24-
OHase resulting in a lower 1,25D clearance rate (172). Due to the positive feedback loop
between the CaSR and VDR (37) and the calcitriol dependent increase of intestinal cal-
cium absorption (199), calcitriol generally lowers PTH levels. Due to the loss of kidney
function, calcitriol synthesis is impaired in CKD patients (136). However, calcitriol is pro-
duced outside the kidney in small amounts by other tissue (3). lts half-life is measured
in hours, the half-life of its precursor 25(0OH)D5 is measured in weeks (139, 172).
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Figure 3.7 High PTH concentrations up-regulate calcitriol synthesis. Moreover, the syn-
thesis rate is up-regulated under hypocalcemic or hypophosphatemic conditions. High
PTH concentrations decrease the clearance rate of calcitriol.
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3.6 INTRACELLULAR PHOSPHATE

In contrast to calcium, intracellular phosphate is not neglectable. In a 70kg person,
around 15% or roughly 3.4 moles / 100 mMol of the total body phosphate content are
intracellular (191). Only a small fraction of intracellular phosphate is free; most of it
is complexed or bound to proteins or lipids. Phosphate ions attach and detach from
different molecules as a response to phosphatases or kinases (103). Therefore, the free
and complexed or bound intracellular phosphate pools are continually shifting.

Intracellular phosphate is essential for most cellular processes. For example, phos-
phate groups and sugar build the DNA and RNA backbone (223). The energy for many
processes in cells is provided by adenosine triphosphate (ATP) and its hydrolysis and
release of inorganic phosphate (122), and phosphorylation is an essential regulator of
the activities of various proteins (103).

Since the intracellular concentration of phosphate is greater than the extracellular
concentration, phosphate entry into cells requires an active transport (11, 13, 40, 117,
118). In (13), the authors reported that while plasma phosphate concentration spanned
fourfold, the corresponding intramuscular phosphate concentration increased by only
70%. A similar effect was observed in erythrocytes indicating that the cells can buffer
intracellular phosphate concentrations when extracellular concentration is disturbed.

The presence of a complex IC-ECF regulation is also observed during a hemodial-
ysis session. While the amount of phosphate removed during an HD session increased
linearly with time, Lemoine et al. (134) reported a three phasic decline in phosphate
plasma concentration: a steep decline within the first 50 minutes of phosphate removal
and a smaller decline within the next 100 minutes and a plateau region/recovery of phos-
phate concentrations for the remaining HD time. The same behavior - steep decline
consistent with IC-ECF diffusion followed by a small decline/plateau region despite con-
tinuing phosphate removal - has been observed in other studies as well, e.g., (101, 211).

In many models of calcium and phosphate homeostasis, the authors assume a pure
diffusion between intracellular and extracellular phosphate (45, 85, 174), e.g.

d .
plie =k Py — ki P,
where ic denotes intracellular and p denotes plasma. The linear model implicates that
a linear removal of phosphate from the plasma results in a linear decline in phosphate
concentration (Fig. 3.8). These results are contradicting clinical findings (101, 134, 211).
Moreover, the linear relationship cannot explain intracellular phosphate buffer capacity
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regarding disturbances of plasma phosphate concentration (117).
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Figure 3.8 Predictions based on the simple diffusion model: Linear removal of phos-
phate during hemodialysis leads to a linear decline in plasma phosphate concentration.

Several more sophisticated models can be found in literature, mostly in the context
of phosphate removal during hemodialysis. In (213), the authors used an undefined
phosphate reserve, mobilized when phosphate reaches a patient’s minimum. Another
approach reported in (4) engaged two compartments. One compartment is an acces-
sible pool from which phosphate is removed by dialysis. A second compartment is not
directly accessible by dialysis, but phosphate is mobilized from the second to the first
compartment. Spalding and co-workers (211) proposed a four-compartment model. The
four compartments represent extracellular fluid, intracellular space, a third compartment
allowing an additional flux to the ECF to maintain individual phosphate levels within a
narrow range, and a hysteresis element located in the intracellular space preventing in-
tracellular phosphate from decreasing below a certain threshold. An overview of current
modeling phosphate during HD approaches is provided in a review by Laursen et al.
(128).
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3.7 CALCIUM-PHOSPHATE PRECIPITATION

Plasma calcium and phosphate can form CaHPO, and CaH,PO, salts. Since most
uremic patients develop hyperphosphatemia, calcium-phosphate precipitation is a major
factor in this patient group and is associated with vascular calcification (150, 171). While
human smooth muscle cells containing normal serum phosphate levels accumulate very
little calcium, the presence of high phosphate levels (> 2 mMol) triggers a significant
increase in calcium deposition in in-vitro studies (113).

With CaPQO,, we denote the total concentration of calcium-phosphate salts. The for-
mation of CaPQy is readily reversible under physiological conditions (143). Moreover,
CaPOQ, is freely filtered by the kidneys and excreted or reabsorbed as calcium and phos-
phate. The plasma concentration of CaPQy, is roughly 10% of the Ca?*concentration
(143). CaPO4 can undergo four fates:

(1) CaPO4 formation is reversed, and calcium and phosphate are released back to
their respective plasma pools.

(2) Fetuin-A, a protein synthesized in the liver, binds the salts to form calciprotein
particles (CPP), which are cleared swiftly (41, 99). CPP concentrations can be
measured indirectly as the Fetuin-A reduction ratio (RR). In healthy subjects, RR
is below the detection limit (210). In CKD, the RR rises to 12.4% (+ 7.3%) and
in HD patients to 37.5% (+ 13.2%). Fetuin-A decreases with decreased kidney
function. While the average concentration in healthy subjects reported in (210)
was 0.28 g/l (+ 0.048 g/l), the concentration is reduced to 0.218 g/l (+ 0.036)
in CKD patients and 0.167 g/l (= 0.059 g/l) in HD patients. Therefore, as a first
step, we assume that Fetuin-A is a function of GFR. At this stage, we ignore other
inhibitors, such as pyrophosphate (PPi) (141).

(3) CaPO4 can be spontaneously hydrolyzed to solid forms (165). We assume that
the likelihood of hydrolyses is zero under physiological conditions. However, if the
concentration of CaPQy is high, the chance that a part of CaPO,4 converts to calci-
fication preforms is increasing (132). The conversion from CaPO, to calcification
preforms is assumed to be irreversible; the corresponding compartment is called
depot.

(4) CaPOyq is freely filtered by the kidneys. Its renal excretion is governed by the renal
excretion of Ca®*and phosphate and part of the corresponding equations.
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Figure 3.9 Experimental setup reported in (204). 126 rates were divided into three
groups according to the diet they received for 7 weeks (uremia-inducing and phosphate
depleted diet, uremia-inducing and phosphate enriched diet, or regular diet). Moreover,
the authors studied 54 rats for 7 weeks fed a uremic-inducing and phosphate enriched
diet for different periods before switching to the phosphate depleted diet.

Furthermore, we propose a hypothesis based on experimental results and as well
as model predictions:
There is a point of no return for the formation of CaPO,4 under hyperphosphatemic con-
ditions (204, 226). After this point, the formation process is detached from the actual
phosphate and Ca?*concentrations. This assumption is based on a study published
in 2019, in which the authors studied 170 rats (204). 126 rats were either fed with a
phosphate-enriched uremic diet, a phosphate-depleted uremic diet, or a regular diet for
7 weeks. The authors assessed aortic valve calcification at different time points. The
authors also studied 54 rats that were first fed a phosphate-enriched diet for one to six
weeks and subsequently switched to a phosphate-depleted diet to complete 7 weeks of
uremic diet (Fig. 3.9). The results are the following:

- Osteoblast-like phenotype, inflammation, and eventually, valve calcification could
only be observed in rats that were fed a phosphate-enriched diet.

- The authors observed significant valve calcification only if the animals were on the
phosphate-enriched diet for at least four weeks.

- Valve calcification was only observed when the switch to phosphate-depleted reg-
imen occurred after osteoblast markers and intracellular downstream signaling as-
sociated with vascular calcification have been found in the valve.

- Phosphate depletion did not affect valve calcification once osteoblast markers
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were already expressed in valve tissue. However, at this time point, calcifica-
tion was not yet apparent. Therefore, there seems to be a point of no return
regarding the effect of hyperphosphatemia on vascular calcification, which occurs
significantly before the clinical manifestation of vascular calcification.

If we assume that CaPO, eventually converts to calcification preforms, the results pre-
sented above justify a point of no return under hyperphosphatemic conditions for CaPQO,4
formation.

This assumption is crucial for model predictions when it comes to cinacalcet. Clinical

studies with HD patients reported that cinacalcet reduces PTH and Ca?*levels, and low-
ers or even normalizes phosphate levels in HD patients, e.g., (19, 21). While the decline
in PTH and Ca?*levels can be predicted, the classical bone model cannot predict the
phosphate decline. In healthy subjects, net calcium absorption is roughly 4 mmol/day,
while around 15 mmol/day are released from the bone. In phosphate homeostasis, the
net absorption is approximately 22 mmol/day; about 8 mmol/day are released from the
bone. While mineral homeostasis is severely disturbed in stage 3-5 CKD patients (136),
the flux of phosphate from the bone is determined by the flux of calcium from the bone
and the stoichiometric ratio between calcium and phosphate in hydroxyapatite (102).
Therefore, the reduction in PTH due to calcimimetics, resulting in a decline of osteo-
clastic activity, is sufficient for lowering Ca?*levels but might not be enough to predict a
decline in phosphate.
Recently, an article was published on the pre-print server bioRxiv (219) investigating
vascular calcification. The authors argued that calcifying arteries change the systemic
disposition of phosphate, i.e., substantial phosphate is actively recruited by calcification
processes. This argument would translate to the point-of-no return hypothesis.
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3.8 BONE

The bone is the primary storage for calcium and phosphate. Approximately 99% of
calcium and roughly 85% of phosphate is stored in the bone, mostly in the form of
hydroxyapatite crystals (Caqo(PO4)s(OH)2) (165, 173). In adults, the percentage weight
of calcium in the bone is roughly 37-38%; the percentage weight of phosphate is around
16.5% (162).

The bone is continuously remodeled. The rate of bone turnover is about 4% in
cortical bone and approximately 28% in the trabecular bone (148). Since about 75%
of the skeleton consists of cortical bone and 25% of trabecular bone, the skeleton’s
turnover rate is approximately 10% per year (148). A specific location is remodeled
every 2-5 years (148). The remodeling process provides continuous regeneration of the
bone; it also plays an essential role in regulating phosphate and calcium homeostasis.
The remodeling process involves four steps (46, 173):

(1) Activation of osteoclast precursor from the circulation.

(2) Osteoclast-mediated bone resorption, thereby releasing calcium and phosphate
from the bone to the extracellular fluid. The resorption phase about 2-4 weeks. At
the end of the resorption phase, osteoclasts undergo apoptosis.

(3) Recruitment of pre-osteoblasts.

(4) Formation of new bone via osteoblasts within 4-6 months. Osteoblasts synthesize
a new collagen structure and regulate the mineralization of the matrix. Osteoblasts
trapped within the matrix become osteocytes with a life-span of approximately
50 years. The remaining osteoblasts undergo apoptosis after bone formation.
Therefore, the mean life-span of active osteoblasts is roughly 3 months (148).

Any imbalance in the remodeling process may reduce bone mineral density associated
with an increased risk of fracture and cardiovascular calcification in hemodialysis pa-
tients (5).

Many different factors regulate bone resorption, formation, and mineralization. A
comprehensive table of these factors is provided in (205). The central regulators relevant
for the model are the following (Fig. 3.10):
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Figure 3.10 RANK-RANKL-OPG regulation of bone turnover. Intracellular regulation
regulating osteoblastic apoptosis comprises Runx-2-CREB-Bcl-2 axis.

- Osteoclast recruitment and resorption phase: RANK-RANKL-OPG

RANKL (Receptor activator of nuclear factor kappa-B ligand) is a protein expressed
by osteoblasts (25, 73, 120, 215, 221). RANK (Receptor activator of nuclear factor
kappa-B) is a receptor for RANKL. RANK is located on osteoclast precursors and
mature osteoclasts (25, 73, 120, 215, 221). Briefly, osteoblasts release RANKL.
The binding of RANKL to RANK initiates the differentiation of osteoclast precur-
sors to osteoclasts (25, 73, 120, 215, 221). Mature osteoclasts express RANK
receptors as well. The binding of RANKL on the RANK receptor results in the
activation of mature osteoclasts.

Also, osteoblasts express osteoprotegerin (OPG) (104, 120), which acts as a de-
coy receptor for RANKL. OPG which binds RANKL with an around 500-fold higher
affinity than RANK (104, 163). Therefore, OPG prevents the binding of RANKL to
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Figure 3.11 Intracellular regulation of osteoblastic apoptosis. PTH enhances the expres-
sion of CREB and the synthesis of Runx-2 degrading enzymes. The effect on CREB is
kinetically faster than the effect on Runx-2 degradation. CREB and Runx-2 are critical
for activating survival genes and synthesizing the anti-apoptotic protein Bcl-2.

RANK and is protective against bone resorption.

A key regulator of the RANK-RANKL-OPG interplay is PTH (74, 144). While it has
no direct effect on osteoclasts, PTH stimulates bone resorption via the enhanced
synthesis of RANKL and the inhibitory effect on OPG synthesis (74, 144). Besides,
calcitriol increases RANKL release, thereby stimulating bone resorption (121, 161,
227).

- Formation phase: Runx2-CREB-Bcl-2

Continuous administration of PTH stimulates bone resorption, whereas intermit-
tently administered PTH stimulates bone formation (7). In mice, daily injections
of PTH decreased osteoblast apoptosis, thereby increasing the number of os-
teoblasts (7) while the number of osteoclasts was not affected. In (7), the au-
thors showed that PTH increases the transcription of the survival gene B-cell
lymphoma 2 (Bcl-2) by the enhanced synthesis of the transcription factors cAMP
response element-binding protein (CREB) and runt-related transcription factor 2
(Runx2). However, Runx2 is also a key regulator in osteoblastic differentiation
(225), and PTH enhances its proteolysis. Therefore, PTH’s anti-apoptotic effect is
only present as long as PTH has not significantly decreased Runx2 via proteaso-
mal proteolysis.
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- Coupling between resorption and formation phase: Transforming growth factor-
beta (TGF-5)
TGF-( is essential for the coupling of bone resorption by osteoclasts and bone
formation by osteoblasts. It is synthesized in a latent form and stored in the ex-
tracellular matrix (115). lts activation is regulated by osteoclastic bone resorption
(51, 115, 178). Active TGF-3 promotes early differentiation and proliferation of
osteoprogenitors while inhibiting the transition of osteoblasts into osteocytes.
Moreover, active TGF-5 increases OPG expression and down-regulates RANKL
expression. It also increases RANK expression, thereby stimulating osteoclast
maturation in isolated bone cells (107, 115).

Other prominent factors are calcitonin and estrogen. If the model was to be applied to
study osteoporosis in older women, estrogen has to be included in the model.

3.8.1 Phosphate and calcium homeostasis

Bone is a crucial regulator of phosphate and calcium homeostasis. During bone resorp-
tion, calcium and phosphate are released from the bone to the extracellular fluid (EFC)
(46). During bone resorption, calcium and phosphate are used for mineralization of the
newly formed tissue matrix. The exchange rate between bone and ECF due to bone
resorption and formation is about 10 -15 mmol calcium per day.

In addition to these slow processes, there is a rapid regulation of Ca®*via an ex-
change mechanism between plasma and pool. It has been hypothesized that a labile
calcium pool on the bone surface can either rapidly supply calcium in acute hypocal-
cemia or store excess calcium (175). The basal exchange rate between the extracellular
fluid and the labile calcium pool is supposedly around 150 mmol daily(175). Therefore,
the flux between the ECF and the labile and stable bone pools dramatically exceeds all
other fluxes (both net absorption and renal excretion are approximately 4 mmol daily),
showing the bone’s importance for calcium and phosphate homeostasis. Since the dom-
inant form of calcium and phosphate in the bone is hydroxyapatite, the ratio of calcium
and phosphate released by bone resorption is approximately 10/6 (148, 165).
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3.9 FGF-23

Another regulator of phosphate and calcium homeostasis in healthy subjects is fibrob-
last growth factor 23 (FGF-23) (114, 116, 201). FGF-23 down-regulates renal phosphate
reabsorption. Since there is a negative feedback loop with calcitriol, FGF-23 indirectly
regulates intestinal phosphate and calcium absorption (140, 177, 200). Moreover, there
is a negative feedback loop between PTH and FGF-23 since FGF-23 inhibits PTH se-
cretion and synthesis (9) whereas PTH stimulates FGF-23 (116).

At the onset of CKD, FGF-23 might prevent hyperphosphatemia by promoting phos-
phaturia and down-regulating calcitriol (87, 105). However, in patients suffering from
end-stage renal disease, renal phosphate excretion becomes negligible, and the role of
FGF-23 is not clear. In hemodialysis patients, FGF-23 levels are frequently elevated by
factor 100. Despite these high levels, most of these patients develop severe secondary
hyperparathyroidism (123). Furthermore, Mace and co-workers (145) showed that while
FGF-23 inhibits PTH synthesis and secretion in normocalcemia, it does not have a low-
ering effect during hypocalcemia when high PTH levels are needed to resolve the con-
dition. Summarizing, FGF-23 has a crucial role in phosphate homeostasis in healthy
subjects. However, due to the decline in kidney function and the failing down-regulation
of PTH, it will most likely be less important in hemodialysis patients. Therefore, FGF-23
is omitted in this model.
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3.10 CURRENT MODEL APPROACHES

The system of regulators of calcium and phosphate homeostasis is multi-dimensional.
Furthermore, various subsystems act significantly different timescales. Since the con-
trol loops are interwoven, a small change in one subsystem triggers a cascade of
(patho)physiological effects in other dimensions.

Due to the complexity of mineral homeostasis, there have been several approaches
to translating the regulators’ key features into mathematical models to gain inside into the
multi-dimensional system. Various approaches include models of subunits such as PTH
release in response to calcium changes (32, 157, 203) or the prediction of phosphate
concentrations as a response to phosphate removal during hemodialysis (4, 128, 213).
Moreover, there are several mathematical models of bone formation and bone resorption
based on RANK-RANKL-OPG interaction and PTH (126, 133).

There are also comprehensive calcium and phosphate homeostasis models, includ-
ing many key regulators (45, 85, 174, 181). In 2002, Raposo et al. proposed an 11-
compartment model, including the intestine, bone, kidney, and parathyroid gland (45).
The authors modelled the effect of calcitriol on bone turnover but not on intestinal ab-
sorption. The main issue is that the authors assume that renal calcium excretion is inhib-
ited by calcium and increased by calcitriol. The complex interplay between osteoblasts
and osteoclasts is not taken into account.

Peterson and Riggs chose a more elaborate approach (174). In 2010 they published
a calcium and phosphate homeostasis model consisting of 28 coupled ordinary differ-
ential equations (174). The model included a detailed description of the bone regulation
based on the RANK-RANKL-OPG axis, including TGF-3 as well as the Runx2-CREB-
Bcl2 axis. They predicted that intermittently administered PTH would result in bone
formation, while constantly elevated PTH concentrations would result in bone resorp-
tion. However, they did not take the phosphaturic effect of PTH into account. More-
over, the authors assumed that osteoclasts are regulated by the relative expression of
RANKL*RANK instead of the relative expression of RANKL*OPG. The authors employed
an interchangeable or fast calcium/phosphate pool and a slow calcium /phosphate pool.
However, they assumed that calcium and phosphate diffuse between the slow and the
fast pool, and bone resorption and formation are responsible for around 10% exchange
between the ECF and the fast pool. Besides, the feedback of calcium on renal calcium
reabsorption and calcium-phosphate precipitation is missing.

A model based on (174) published in 2014 studied the effect of vitamin D deficiency
and simulated, for example, primary hyperparathyroidism (45). However, their simula-
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tions predicted hypocalciuria instead of hypercalciuria in primary hyperparathyroidism.

Recently, Granjon et al. published a comprehensive calcium and phosphate home-
ostasis model in rats (85). The model included calcium-protein binding, sodium-phosphate
complexes, calcium-phosphate precipitation, Fetuin-A, and CPPs, as well as FGF-23
and a more detailed description of renal phosphate and calcium handling. However,
they did not model bone resorption and formation in detail. Moreover, the parathyroid
gland’s description is not sophisticated enough to capture parathyroid gland biology’s
adaptation mechanisms. Finally, intracellular-extracellular phosphate exchange is lin-
ear, not reflecting clinical results (128).
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3.11 AIM OF THESIS

The aim of this thesis was to translate the critical properties of the regulators of calcium
and phosphate homeostasis into mathematical models to allow the study of CKD-MBD
development. Since the models should be physiology-based, adaptation to different sce-
narios, such as lifestyle changes regarding phosphate reduced diet, should be straight
forward.

The main focus lied on a sophisticated model of parathyroid gland biology as well
as bone metabolism. The models should predict clinical or experimental manifestation
in acute and chronic disturbances of calcium and phosphate homeostasis. In particular,
the model should predict the development of chronic kidney disease-bone mineral dis-
order (CKD-MBD) in patients suffering from end-stage renal disease. The hallmarks of
CKD-MBD is secondary hyperparathyroidism, PTG hyperplasia, bone loss, and vascular
calcification. Moreover, we indicated possible future applications by conducting a virtual
clinical trial regarding the off-label use of cinacalcet.

In contrast to previous models, we proposed a detailed mathematical model of PTG
biology, including varying adaptation mechanisms acting on different timelines (seconds
to years). Moreover, we used a detailed bone model, including key-regulators of basic
multicellular units (BMU). We introduced a new approach for intracellular- extracellu-
lar phosphate regulation based on physiological assumptions. Finally, we introduced a
new hypothesis involving the point of no return for calcium-phosphate precipitation. We
performed a sensitivity analysis for critical model parts.

In chapter 4, we introduce the translation of crucial physiological properties into
mathematical models. If possible, we provide the validation or results of stand-alone
sub-models, such as the parathyroid gland model. In chapter 5, we present the results
of the integrated bone and mineral metabolism model. In chapter 6, we discuss possible
shortcomings for our approach and future steps.

30



4 Mathematical models

All simulations were performed with Matlab 2017b (Mathworks) with default 16 digits of
precision. The time discretization for the numerical differential equations solver (ode23s)
was in general in the order of a second. To increase numerical stability, all derivatives
with an absolute value smaller than 107'° were set to zero. We used the method of least
squares for all parameter estimations.

4.1 PARATHYROID GLAND

As discussed in the introduction, it is not sufficient to know the current calcium, phos-
phate, and calcitriol concentrations to determine the system’s state, and we need to
know the whole history of the condition (Fig. 3.1). The key to overcoming this obstacle
is to model the condition of the CaSR in response to different stimuli. We published the
model and its critical predictions in (192).

4.1.1 CaSR expression

A structural CaSR model would involve activation of the receptor, G-protein binding, lig-
and binding, structural changes of the G-protein, and the intracellular signaling cascade.
The black-box model is a dose-response model (2, 28, 185, 198). Since the exact mech-
anisms of CaSR signaling are still a matter of debate, we choose a stimulation based
model which can be validated by experimental or clinical data. Moreover, the model can
be easily adjusted to various genetic pathologies, e.g., (98, 164).

Therefore, the PTG model’s core is the dimensionless CaSR expression (CaSR) and
the dimensionless VDR expression (VDR). These functions govern the receptors’ sensi-
tivity to Ca?+and calcitriol concentrations and thereby PTH release and PTG adaptation
mechanism if a steady state is disturbed. The optimal value is set to 1 for both variables;
values lower than 1 correspond to a loss of CaSR or VDR expression.

Receptor expressions are up-regulated by the positive feedback between the two
receptors and high levels of Ca?*and calcitriol. High levels of phosphate suppress the
expression. However, alterations in Ca?*, calcitriol, and phosphate plasma levels do not
alter the receptor expression immediately. Instead, alterations have to be present for a
critical amount of time (31, 80, 187). Therefore, we need a mathematical model that
includes delays accounting for the necessary amount of time for the system’s reaction to
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disturbances in Ca?*, calcitriol, and phosphate. Moreover, we want to filter input signals
such that resolved disturbances within the necessary amount of time do not change
receptor expression.

Therefore, we assume that CaSR are VDR, are governed by the following system of
differential equations:

dCaSR . .
(ZS — pou- (Ca™ + (VDR —1) — P™) . CaSR + nga - (1 — CaSR)  (4.1)
dVD. . .
% — pp - (D™ + (CaSR — 1) — P™) - VDR +np - (1 — VDR) (4.2)
dCa™ _ : . in in
i (stime (C' —Clagy) - (1 —sign(stime (C'— Cagy) ) Ca™) —Ca™) -7 (4.3)
dD™ : : : ; ;
i (stimp (D — D)+ (1 —sign(stimp (D — Doy )) D™) —D™)-7p (4.4)
dp : : : ; ;
- = (stimp (P — Pypt) - (1—sign(stimp (P — Py ) ) P ) — P™) - 7p (4.5)

where Ca,pt, Doy, and P, are the individual optimal serum values of Ca?*, calcitriol,
and phosphate. C, D and P are plasma Ca?*, calcitriol, and phosphate concentration,
respectively. The time constants 7. are associated with the critical time after which the
system starts to react to stepwise changes in Ca?*, calcitriol, or phosphate. The rela-
tionship between p and n determines the system’s equilibrium value, while p governs
the intensity of the stimulus. C'a™, D™, and P are factors determining the effect of the
stimulus on the CaSR and VDR.

Under healthy conditions, the stimulus functions,

1 1

= -1, d e (C,D,P),
T+ op(—Fn@—N) | 1t-ep(—Ka@+ ) an ( )

stim, ()

with constants K and )\, are zero and CaSR and VDR expressions are not altered.
Moreover, if a deviation from the optimal value is present shorter than the critical time
associated with the time constants, the stimulus will be too small to change Ca™ sig-
nificantly. In this case, CaSR and VDR expressions are not altered either. However, if
there is a chronic deviation from the optimal value, even a slight one, CaSR expression
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will slowly change. The stimulus function is depicted in Fig. 4.1.
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Figure 4.1 Exemplar stimulus function (A = D, D; = 25 pMol, Kp = 0.25 1/pMol).
The slope around = = 0 is small to account for the presence of insignificant fluctuations
around the optimal value. The function is approaching 1 or -1 for large deviations.

4.1.2 CaSR and VDR sensitivity

It is not the measured Ca?*level that determines the response of the PTG but the sensed
calcium concentration CS. If the receptor expression is reduced, the receptor’s sensitiv-
ity to Ca®*is decreased (82, 194). We model the sensed calcium and calcitriol concen-
tration via the following equations:

% = sens(CaSR + VDR) - C — CS (4.6)

D.
% = sens(CaSR + VDR) - D — DS (4.7)
sens(z) = Ag+(1— Ag)- g (4.8)

C'is the actual (measured or simulated) plasma ionized calcium concentration and
D is the actual (measured or simulated) calcitriol concentration. CS and DS are calcium
and calcitriol concentrations sensed by CaSR and VDR. At a healthy steady state, CaSR
and VDR are equal 1, and CS and DS equilibrates to C' and D. If CaSR expression starts
to decline, CS declines as well but with a pre-defined delay. This effect is fully reversible
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if the stimulus returns to optimal levels again, e.g., in the case of a low phosphate diet,
calcitriol therapy or therapy with calcimimetics.

4.1.3 CaSR signaling

CS, the sensed calcium concentration, and the phosphate concentration (P) directly
govern the CaSR signaling cascade (206).

1Cy

i pr- (Calr — P) - Ch + iy - (1= Ch), (4.9)
dCai" time, . .
d? - (stimCa(OS — Clgyr) - (1 . E;ig |C’af\”) - Caf\") . (4.10)
dpPn . stim . :
th = (stlmp(P — P, - (1 = |stim; P;"> = P;") T (4.11)

Again, p, and n, determine the steady state of the system. The time constants 7
determine the critical time with which the system responses to the stimulus. These set
of equations is used for all PTG adaptation mechanisms: intracellular degradation rate
(A = d), synthesis rate (A = p), and cellular proliferation rate (A = pr).

Cellular degradation rate

Under healthy conditions, the cellular degradation k; is kept at a basal rate of A,. If
not regulated by the CaSR, the degradation rate will decrease to a minimum rate of
B;=0.5- Ad (33)

ky =

{ Bd + (Ad — Bd) o Cd for Cd <1 (412)

Ay else

PTH synthesis rate

Under healthy conditions, the synthesis rate of PTH is kept at a basal rate of A,. If not
regulated by the CaSR, the synthesis rate k, will increase within minutes to hours to a
maximum level of B, = 3 - A, (33):
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B A, — B,) - f 1
k, = { »ae (A p) - Cp  for Cp < (4.13)

A, else

Cellular proliferation rate

If not down-regulated by the CaSR, the cellular proliferation rate k,, increases from the
basal level A, to a maximum rate of B, = 2- A, (217, 224):

k

pr

_ { Bpr + (A, — By,) - Gy for € < 1 4.14)

Ay else

4.1.4 Glandular cells

Parathyroid gland cells cycle through the two states. Therefore, we employ two cell
population in our mathematical model, cells in the quiescent state () and secretory ac-
tive cells S. Only cells in the quiescent state can undergo apoptosis or proliferate. If
untreated, pathologic conditions resulting in SHPT and hyperplasia; the glandular vol-
ume will continue to increase. We capture this behavior by a tumor model with dynamic
carrying capacity K (10, 184). The carrying capacity represents the gland vasculature.
We assume that the carrying capacity is proportional to the PTG surface and the num-
ber of cells corresponds to the volume. Therefore, we formulate the PTG model by the
following set of equations:

D = koS +kas®, (4.15)
% = ks0S — kosQ — kaQ + ke Qln (K/(S +Q)), (4.16)
Ciz_}t( = k(S +Q)/(S(0) + Q(0)) — 1)F. Bl
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The constants kgg and kgs govern the cell cycle between the secretory active and
quiescent state, and k, is the constant apoptosis rate. The constant k; determines how
fast the carrying capacity K adjusts to the gland’s size.

4.1.5 Parathyroid hormone

The relationship between between Ca?* and PTH release rate is sigmoidal (68, 86, 224).
Here, we employ a two-compartment model allowing the storage of PTH in the gland
(32,157, 181, 196, 203):

% = k,S — release(CS)PIG — k4PIG, (4.18)
df:lf_tH = release(CS)PIG — k,P1H, (4.19)

1

release(CS) = B+ (A— B)W

(4.20)

PIG and PI'H are the amounts of PTH in the gland serum, respectively. The release
function is a classical Hill function. These types of functions are widely used to analyze
ligand-receptor interactions and can be derived from the mass-balance equation for the
concentration of free CaSR and CaSR activated by the binding of Ca2*. The constant
m corresponds to the number of Ca®*atoms binding to one CaSR in order to activate
the receptor. S, is the nth-root of the dissociation equilibrium constant of the CaSR and
Ca?*reaction. A value of around 1.18 mMol ensures that PTG reacts quickly by releasing
a high amount of pre-formed PTH in the case of a drop in Ca?* or by suppressing
the release of PTH in the case of excess Ca®* concentrations in healthy subjects. In
hemodialysis patients with pathological phosphate and calcitriol levels, CaSR sensitivity
is reduced and, therefore, the release function is shifted. A shift in the set-point S,
has the same effect. Consequently, the gland cannot react appropriately to normal
Ca?*levels. If the CaSR sensitivity (i.e., expression) is significantly reduced, even higher
Ca?*concentrations might not be enough to suppress PTH release.

4.1.6 Parameters and sensitivity analysis

Most parameters are based on literature (Table 4.1). All parameters associated with the
stimulus functions (Equations (4.1),(4.2),(4.6), and (4.9)) had to be estimated. We chose
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Figure 4.2 From Schappacher-Tilp et al. (192) under CC-BY. PTH release rate as a
function of Ca?*. Reduced sensitivity of the CaSR results in a shift of the release func-
tion. In this example, CS equals 90% of the actual ionized calcium concentration.

basic parameters for the stimulus functions (table 4.2) based on the following criteria:

- The derivative of the stimulus function is maximal around the critical values (Ca®*(arterial
blood ionized calcium): 1.4 mMol, calcitriol: 270 pMol, P: 2.2 mMol).

- The mean derivative in the reference range (Ca?*: 1.15-1.35 mMol, calcitriol: 52-
266 pMol, P: 0.84-1.45 mMol) is smaller than 0.08 for Ca?*and P and 0.0035 for
calcitriol (which is less controlled than Ca?*and phosphate levels).

We chose the time constants such that the system reacts to stepwise changes in
Ca?*, phosphate, or calcitriol concentrations at the pre-defined critical time (Table 4.3).
All adaptation mechanisms but cellular proliferation reach steady state. Therefore, only
the time constant associated with cellular proliferation is of interest for long-term predic-
tions. We assessed the sensitivity of the system to estimations of this time constant by
multiplying or dividing the base values in equations (4.10) and (4.11) one at a time by
a factor of 10. All other parameters were kept constant. The setting we chose for the
sensitivity analysis was mild hypocalcemia and hyperphosphatemia, a scenario likely in
CKD patients. The analysis of the corresponding PTH values revealed that the system
does not react critically to changes in the time constants.; the difference in PTH is below
0.003% for changes in Ca®*related values and 0.009% for changes in phosphate related
values after 30 days.

Moreover, we assessed the system’s sensitivity to uncertainties in estimating the
intensities of the stimulation functions. In this case, base values were either multiplied
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Table 4.1 Basic set of parameters for PTG biology

Compart- Parame-
Value
ment ter Source
PTG kso 210 % /min _ (182)
—4
Fos i (182
kp 3-1073 /min  (224)
ka 0.001 min~!  (224)
PTH release A 012 (203)
pmol/min
B 0.001 . (203)
pmol/min
1.1881
S, mMol (203)
m 50 (203)
Clearance k. 0.632/min (203)
Degradation ~ AY 0.012/min (203)
Production Apr 132 (203)
Proliferation A, 0.003/min (75)
k. 5-107°

At steady state, the fraction of active cells is 0.2.
The parameter ks was chosen accordingly.

or divided by a factor 2 one at a time. All other parameters were kept constant. The sim-
ulation scenario was normocalcemia, the onset of hyperphosphatemia, and a decline in
calcitriol levels. The highest sensitivity was observed regarding changes in the param-
eters associated with the PTH degradation rate (Equations (4.9) and (4.13)). Moreover,
the system was sensitive to changes of parameters associated with the CaSR (Equa-
tions (4.1) and (4.2)) which determine the steady state of the CaSR expression. The

results are depicted in Fig. 4.3.

4.1.7 Results

We compared our model predictions with experimental or clinical data provided in the
literature. Specifically, we were interested in the reaction of the system under prescribed

disturbances, i.e.

¢ Rate dependency of PTH response to acutely induced hypocalcemia

e Mild but chronic hypocalcemia

e Hysteresis effects under subsequent hypocalcemic cycles
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Figure 4.3 From Schappacher-Tilp et al. (192) under CC-BY. The maximum deviation
from reference PTH values depicted as the ratio between the calculated PTH and the
reference PTH. The inner-circle denotes a relative deviation of 0.5, the outer-circle a
relative deviation of 1.5. If the arrows point outward, higher parameter values imply
higher PTH values. If the arrows point inward, higher parameter values imply lower PTH
values. Parameters were either multiplied by 2 or 0.5.
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Table 4.2 Basic set of parameters for the stimulation

functions.

Parameter Value

Optimal Values C 1.2 mMol
P 1.2 mMol
D 90 mMol

Stimulus Cy 0.5 mMol
K¢ 2 1/mMol
Dy 30 pMol
Kp 0.2 1/pMol
P 0.8 mMol
Kp 0.8 1/mmol

o effect of low phosphate diet on PTH

4.1.8 Rate dependency of PTH response to acutely induced hypocal-
cemia

Various studies have shown that PTH release depends on the rate of Ca*reduction
(27, 48, 68, 86, 195). While a high rate of Ca®*change will lead to a significant overshoot
in PTH release, this effect is not observed if Ca®*is changed at a low rate (27, 48, 68, 86,
195). More specifically, a significant linear drop of 1.6 mg/dl Ca?*within 30 minutes in
dogs produced a significant peak in PTH concentration (68). When Ca2*concentration
dropped by the same amount but within 120 minutes, there was no dramatic overshoot
observable, but PTH concentrations after 60 minutes were higher than those from the
high rate (68). The same results were reported in a study with rats (195). Moreover,
when Ca?*levels were slowly decreased in renal patients, there was no PTH overshoot
observed either (152).

We assess the system’s reaction to the rate of change of Ca?*by starting from the
system steady state and prescribing different changes of Ca®*concentrations. Since
PTH is stored in secretory active cells, the fast induction of hypocalcemia will result in
an overshoot due to the quick release of stored PTH. Slow induction of hypocalcemia
will eventually lead to the same steady state level but with a significantly smaller PTH
overshoot (Fig. 4.4).

40



Table 4.3 Time constants and intensity
parameters for stimulation functions.

Compartment Parameter Value
Degradation  7¢, 1072
Tp 5-1072
Pca 2.5
Nca 0.5
Production TCa 1073
TP 1073
Pca 25
Nca 0.5
Proliferation 7, 107°
Tp 10~4
Pca 5
Ncoa 0.5
Expression T 1074
Tp 107!
D 10~4
Pca 5’1074
Neoa 5.1074
PD 5'10_7
np 5.1077

4.1.9 Mild but chronic hypocalcemia

Due to our model’s structure, all PTG adaptation mechanisms will be present under
mild but chronic hypocalcemia (Fig. 3.1). Specifically, we would observe the effects of
decreased intracellular degradation within minutes (197) and increased synthesis rate
within hours (89). Due to the enhanced proliferation rate, PTH concentration will not
reach a steady state. To simulate chronic hypocalcemia, we prescribed a decrease in
Ca?*concentration by 0.25 mg/dl (0.0624 mmol/l) and kept Ca?*concentration at this
value for 200 days (Fig. 4.5).

4.1.10 Hysteresis effects under subsequent hypocalcemic cycles

PTH release shows hysteresis effects under subsequent hypocalcemic cycles. In (196),
the authors quickly induced hypocalcemia within 30 minutes. After another 30 min-
utes, Ca?*was briefly returned to normal values before another hypocalcemic condition
was induces. During the first hypocalcemic condition, PTH levels increased dramati-
cally. However, the authors could not observe another transient peak during the second
hypocalcemic condition. We mimic the experimental protocol by prescribing comparable
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Figure 4.4 Time versus prescribed Ca?*and corresponding predicted PTH concentra-
tions. High rates of Ca*changes (solid line) lead to a prominent overshoot; at low rates,
the peak is almost diminished (dashed line).
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Figure 4.5 Time versus prescribed Ca?*(black line) and corresponding simulated PTH
concentrations (red line) during a fast induced mild but chronic hypocalcemia. The time
scale is logarithmic; the black vertical lines indicate one hour, one day, and one month.
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Figure 4.6 Time versus prescribed Ca?*(black line) and corresponding simulated PTH
(red line) concentrations during induced hypocalcemia, normocalcemia, and subsequent
hypocalcemia.

Ca?*concentrations. Since PTH is stored in secretory active cells, we observe a PTH
overshoot. Since the return to normocalcemic conditions was too brief to recover the
storage, PTH cannot overshoot during the second hypocalcemic cycle (Fig. 4.6).

4.1.11 Effect of low phosphate diet on PTH

Disturbances in phosphate and calcitriol levels will lead to PTG alterations due to the
effect of phosphate on the CaSR (18, 55, 209) and the positive feedback loop between
the CaSR and the VDR (37, 76, 187, 217). In CKD patients, renal phosphate excretion
and calcitriol synthesis is impaired. Therefore, PTH will slowly increase over time, even
if Ca2*is kept at an optimal value. In (188), Rutherford et al. studied three groups of 5/6
nephrectomized dogs for 24 months. The first group of dogs received a regular phos-
phate diet. In the second group of dogs, phosphate intake was adjusted according to the
declining kidney function. In the third group, the dogs received the adjusted phosphate
diet and additional calcitriol supplements. Ca®*concentrations were kept constant dur-
ing the duration of the experiment. While PTH increased dramatically over 24 months
in the first group of dogs, it was well controlled within the first 12 months in the second
group and increased only slightly after that. PTH levels did not change significantly in
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Figure 4.7 From Schappacher-Tilp et al. (192) under CC-BY. Time versus prescribed
phosphate (dashed blue line) and calcitriol (1,25D) concentrations (dotted blue line), as
well as the corresponding predicted PTH concentrations (solid line). The simulations
mimic the experimental setup by Rutherford et al. (188). Regular diet resulting in ele-
vated phosphate levels (left panel) to significantly higher PTH levels than the scenario
with an adjusted phosphate diet (right panel).

the third group. We mimic the experimental setup by decreasing calcitriol and increas-
ing phosphate levels. Specifically, phosphate levels were increased by 20% in the first
group and only 5% in the second group. We see the same effect in our simulation: A
low phosphate diet allows for PTH control in the first months. End-point PTH levels are
significantly lower in the low-phosphate group.
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4.2 CINACALCET

Cinacalcet is a calcimimetic that has been effectively used to treat secondary hyper-
parathyroidism (19, 20, 22, 58). It activates the CaSR via allosteric modulation (90,
168). It is commonly used in hemodialysis patients. In (193), we published a multi-
compartment model capturing the pharmacokinetics of cinacalcet. Here, we present the
model as well as its application in detalil.

4.2.1 Pharmacokinetics of cinacalcet

- Maximum plasma concentrations following oral administration occurs within 2-6
hours (127).

- The absolute bio-availability is 20-25% indicating a high first-pass metabolism (67).

- Cinacalcet is highly protein-bound. Only about 5% of the drug in the systemic
circulation is free (67, 127).

- The terminal elimination half-life is 30-40 hours, the distribution half-life approxi-
mately 6 hours (65).

- Steady-state concentrations are achieved within 7 to 8 days. The pharmacokinet-
ics of cinacalcet is dose proportional over the dose range of 30-180 mg (90).

- Cinacalcet is primarily metabolized by the liver. Severe hepatic impairment in-
creases the exposure by four-fold (169).

- Absorption saturates at around 200 mg (90).

- The apparent oral clearance rate V), is around 1250 [, indicating a large distribution
outside the systemic circulation (65). In studies with radioactively labeled cinacal-
cet, radioactivity was maximal in most tissues after 4-12 h; for some tissues, the
peak occurred after 24-48 hours (67).

- The exposure AUC', is increased 1.5 to 1.8 fold when cinacalcet is administered
with meals (170).

4.2.2 Mathematical model

In (193), we proposed a physiology-based minimal multi-compartment model capturing
all pharmacokinetics properties of cinacalcet comprises absorption, first-pass metabolism,
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plasma protein binding, and tissue compartments (Fig. 4.8). Various tissue can be
lumped in two distinct compartments, one with faster kinetics and slower kinetics. The
tissue with the slower kinetics is of less importance for the pharmacokinetic properties
of cinacalcet. However, since it comprises body fat, it was included in order to allow to
study the effect of cinacalcet in obese patients.

Plasma
Protein bound
LT / Fast Tissue
Absorption N 1% pass _ Plasma
i i x Slow Tissue

Figure 4.8 Structure of the multi-compartment pharmacokinetics model.  From
Schappacher-Tilp et al. (193) under CC-BY. The slow tissue compartment is only rele-
vant for pathological situations, such es obesity.

Since we were interested in simulations over long periods, we chose a linear model.
Numerics is reduced to the calculation of eigenvalues and eigenvectors.

—k, 0 0 0 0 0
ko —ke — ki 0 0 0 0
dy 0 Ky —ky — kpry — kprs —kE ky  krpy  krps .
at 0 0 ke —k; 0 0 v
0 kpry 0  —krpy 0
0 kprs 0 0 —krps

where (1) corresponds to the absorption compartment, 3/(2) to the first-pass metabolism,
7(3) and y(4) to the plasma fee and protein-bound compartment. ¢(5) and %(6) corre-
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spond to fast and slow tissue.

The initial dose of cinacalcet is delivered to the absorption compartment. Since the
maximal daily dose approved by the Food and Drug Administration (FDA) is 180 mg
and the available dose saturates at 200 mg, there is no need for saturable absorption
equation. Since very little is known about the saturation process, we used a simple
mechanistic model for dose-response assessment:

7(1) (t0) = Dose, Dose < 50 mg
Y o 200(1/(1 + exp(—0.02(Dose — 50))) — 0.5) + 100, else

Exemplar model parameters

Plasma volume | 3L

ke 0.4 h!

k. 0.266 h!
[ 0.09 A7t
kP 130 h!

ky 1-10° pt
kprs 550 h~1
krps 0.08 K7t
kprs 50 h~!
krps 1.107° At

We assume that 95% of the drug is protein-bound in the steady state. Therefore,
ks = 0.0526k;.

4.2.3 Main model predictions

The predicted cinacalcet concentration is the total plasma concentration, i.e., protein-
bound and free drug concentration in the plasma. The main results are the following;

- The model can be adjusted to predict pharmacokinetic parameters such as C,,4.,
tmaz» Vp, @and C'L/F within a reasonable range (67, 90, 168). Parameter estima-
tion was based on the method of least squares.
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Figure 4.9 Upper panel: plasma concentration as a function of time after a single 75mg
oral dose. Lower panel: the corresponding logarithmic concentration as a function of
time. The slopes of the two regression lines correspond to the distribution half-life and
the terminal half-life. Cmax, tmax, bio-availability (Bio), volume of distribution (VD), and
apparent oral clearance rate (CL/F) are calculated from the upper panel.

48



C [ng/mL]

12

10

10 20 30 40 50
Time [h]

Figure 4.10 Plasma concentration vs. time after a single 75mg oral dose. Dots repre-
sent experimental results (digitized data from (127)), the dashed black line represents
the model prediction.

- Steady state kinetics (i.e., daily intake of cinacalcet is in a dynamic equilibrium
with its daily elimination) is reached within 7 days (Fig. 4.11).

- While C,,,,. saturates at high oral doses, pharmacokinetics is linear to an oral dose
of 180 mg (Fig. 4.12).

- The model parameters can be adjusted to follow individual plasma concentration

curves, even with significantly different pharmacokinetic properties such as C,,..
(Fig. 4.10). Again, the parameter estimation was based on the method of the least

squares.

- If cinacalcet is administered three times a week, there is a weekly kinetic steady

state, i.e., a concentration profile on a specific day is equal to the profile 7 days

later. However, due to the three days gap, there is no steady state between single
administrations independent of the dose (Fig. 4.13 and Fig. 4.14).
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Figure 4.11 Plasma concentration as a function of time for daily doses of 75mg cinacal-
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Figure 4.12 Plasma concentration as a function of time for different single doses of
cinacalcet. C,,,. saturates at high oral doses while pharmacokinetic is linear for doses

up to 200 mg.

Time [h]

50




60 mg dail
80 q y

60 -

C [ng/dL]

C [ng/dL]

120 mg twice, 180 mg once per week
I

80

D
o

C [ng/dL]
S

20

0 5 10 15 20 25
Time [days]

30

Figure 4.13 Plasma concentrations of cinacalcet as a function of time and administration
regime. While the steady state is reached within 7-8 days in the daily administration
regime, there is only a weekly kinetic steady state. The daily dose of cinacalcet is 60

mg; the dose of cinacalcet administered thrice weekly is chosen accordingly.
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Figure 4.14 Plasma concentrations of cinacalcet as a function of time and administration
regime. While the steady state is reached within 7-8 days in the daily administration
regime, there is only a weekly kinetic steady state. The daily dose of cinacalcet is 30
mg; the dose of cinacalcet administered thrice weekly is chosen accordingly.
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4.2.4 Sensitivity analysis cinacalcet

We fixed the parameter set in the overall sensitivity analysis and varied only the indi-
cated variable from 50% to 150%. The single oral dose was 75mg. Error refers to the
||Predicted - opt values ||?> normalized to the original set of parameters’ error. From
this term, we subtract one such that the error is zero for the original set of parameters.
Optimal values are mean values from literature (67, 127):

Parameter | Opt. Value || Parameter | Opt. Value
Crnaz 25 ng/ml td, 6 h

tinaz 35h t1/2 35h

Vb 1000 L BIO 25 %

Sensitivity analysis reveals that overall errors (i.e., the sum of errors for all 6 parameters
as described above) are most sensitive to changes in k. and £, and least sensitive to
changes of k, and krp, (Fig. 4.15).

The sensitivity analysis of all estimated model parameters is presented in Fig. 4.16.
The base values were either divided by 2 or multiplied by 2. The analysis shows that
Chnaz 18 most sensitive to changes of k., &, and kprys. Moreover, C,,, is sensitive to
changes of k? and k;, but to a lesser degree. Bio-availability is most sensitive to changes
of k. and k;,. There are only negligible effects by other rates. Terminal half-life ¢, is
most sensitive to changes of kpr¢, krps, and kprs. There is almost no effect of changes
of k, on the apparent volume of distribution V. Low protein binding rates k, increase
the error of distribution half-life tcf/g substantially. ¢,,.. is sensitive to changes of k, and
k.. Smaller values of both rates lead to greater errors.

4.2.5 Adaptation to specific patient groups

Due to the physiologically meaningful compartments, adaptation to specific patients
groups is straight forward.

An example would be the simulation of the effect of cinacalcet administration with
food. In (168), the authors showed that the bio-availability of a single 90 mg dose of
cinacalcet is significantly increased if cinacalcet is administered with a high or low-fat
meal. The corresponding increase of AUC,, was 68% (90% confidence interval: 48%
to 89%) and 50% (90% confidence interval: 33% to 70%) for the high fat and low-
fat meal. Terminal half-life did not change significantly, while ¢,,,, decreased from 6
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Figure 4.15 Overall error as a function of the rate constants.
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Figure 4.16 Sensitivity analysis. Base values were either divided by 2 (blue bar) or
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hours in fastening subjects to 3.5-4 hours in subjects receiving high or low-fat meal with
cinacalcet. Bio-availability is based on absorption and first-pass metabolism. Therefore,
we have to adjust k,, k. and /or k;,. Since bio-availability is most sensitive to changes in
k. and k;,, we do not adjust k,. Moreover, an increase in k. would result in an increase
of t,az- Therefore, we adjust only £;,.

Another example would be hepatic impairment. If we want to adjust the model to
patients with hepatic impairment, we have to adjust the parameters such that AUC, is
2.4 and 4.2 times higher, and ¢, is roughly 1.2-1.8 times higher in patients with hepatic
impairment than healthy control patients (169). (.. and t¢,,.. seemed not altered in
patients with hepatic impairment. The parameters reflecting liver functions are param-
eter describing first-pass metabolism rates k. and k;, as well as metabolization and,
therefore, elimination of the drug, k7. Since, based on our sensitivity analysis, changes
in k. and k,; result in changes of ., and t,,,,, we will not adjust these parameters.
Therefore, the only meaningful rate to adjust is k7. Since the model is linear we can
easily calculate AUC'.:

UG = [~ cryar - - (Z(%@l%m) - (3%@%)@) ,

where the subscripts 3 and 4 denote the third and fourth vector components, respec-
tively. Furthermore, we estimate terminal half-life which is associated with the tissue
compartments and the eigenvalue \; associated with the fast tissue compartment:

; _ In(0.5)
1/2 N

Therefore, a reduction of k] by 53% results in a 1.4 fold rise of the terminal half-life
and a 2.2 fold rise of AUC,,. If we reduced k:lP by 76%, it would result in a 1.8 fold
increase of ¢,/, and a 4.2 fold increase of AUC..

4.2.6 Pharmacodynamics of cinacalcet

We combine the compartment model of cinacalcet with the PTG model by incorporating
a simplified operational model of allosterism, i.e., we use the transformation
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(C(B+aM)+TMK,)
B+M ’

T(C) =

where C'is the ionized Ca concentration in [mMol] and M the plasma concentration
of unbound cinacalcet given in [pg/dL] (129, 130, 131, 186). The main assumption
allowing the simplified formula is that Ca?*is the main agonist for the CaSR. For all the
following simulations, we used the following values:

a=13,8=6.5 [pg/dl], = 0.35, K; = 1.1881 [mMol].

The values for « and 3 are based on published data (129), while 7 was chosen such
that a single dose of 60 mg cinacalcet reduces PTH by 50% in healthy subjects.

Remarks:

(-) Structural changes of the CaSR, as well as mutation, can be modeled by adjusting
« and g values (129).

(-) Inthe combined bone and PTG model, we take the reduction of the gland size due
to cinacalcet into account (59, 108, 124, 151). Specifically, we introduce another
feedback mechanism ensuring that the apoptosis rate is decreasing over time with
cinacalcet, i.e.,

ko = k2 (14 (Pcoing - max(0, Coina — 1))) (4.21)
dC ina . in
dc;f = PcCina * (CZ’RCL ) : CCina + Ncina (1 - CCina) (422)
dCina™ tim g A »
Zza = (stimgina(M)- (1—%0@71&’”) —Cina™) - Toing (4.23)

where M is again the free drug concentration in the plasma. The parameter ¢,
determines the quasi-steady state reduction of the gland volume. Furthermore,
we assume that the carrying capacity is not increasing during the treatment with
cinacalcet.
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Figure 4.17 Temporal changes of phosphate and calcium as input functions for the
virtual clinical trial. Red circles correspond to clinical data presented in (154). Time zero
denotes the start of daily cinacalcet administration in the clinical trial. Within the first
weeks of cinacalcet treatment, phosphate and calcium concentrations decline. Calcium
slightly recovers after around 12 weeks.

4.2.7 Virtual clinical trial

Patient adherence to cinacalcet is very poor (78), most likely due to common gastroin-
testinal side effects and high pill burden. Refill data provided by the Data analytics unit at
FMCNA showed a mean refill rate of 64.44%, which was based on 7,387 patients. Other
published medication possession ratios are even lower (78). An easy way to overcome
poor patient adherence would be to administer cinacalcet after each hemodialysis ses-
sion three times a week. Cinacalcet administration would be observable and reliable.
Since this would mean an off-label use, we employ our PTG and cinacalcet model to
investigate whether thrice weekly (TIW) could be an easy to implement alternative.

The VCT was based on the PTG stand-alone model. Therefore, we had to assume
the temporal changes of phosphate and calcium due to altered bone metabolism (Fig.
4.17). We determine the state of the PTG system at the onset of cinacalcet treatment
by using the following simulation assumptions:

- The clearance rate of PTH is halved due to the impaired kidney function.
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- At time zero, we slowly increase P from 4.5 to 6 mg/dL (1.45 to 1.93 mMol) and
decrease Ca?*from 5 to 4.75 mg/dL (1.25 to 1.18 mMol).

- We determine the state of the system after 200 days. This state is the initial
condition for all following simulations.

For all predictions involving the administration of cinacalcet, we assume that phos-
phate and calcium concentrations decrease over time (20). The temporal changes of
phosphate and calcium are presented in Fig. 4.17. We simulate two distinct patient
populations:

(A) Cinacalcet naive patients starting with either a daily cinacalcet prescription or with
thrice-weekly in-center cinacalcet administration

(B) Patients who had a prescription for the daily administration of 30 mg or 60 mg for
12 weeks and subsequently either kept the daily prescription or switched to the
thrice-weekly protocol

We further distinguish between full patient adherence and real-life (and, therefore, lim-
ited patient) adherence for both patient populations. The distinction is only relevant for
the daily protocol as clinical staff administration in the thrice-weekly protocol should be
flawless. Based on the refill ratio of 64.5% we assume that patients skip alternately 3 or
2 cinacalcet doses per week. The days with no drug administration are chosen randomly.

Cinacalcet naive patients

(A.1) 60 mg daily or 60 mg TIW / Full patient adherence
Weekly mean PTH as well as max/min values in cinacalcet naive patients are
shown in Fig. 4.18. While the administration of 60 mg daily (red line) leads to lower
PTH values than 60 mg thrice a week (black line), both administration regimes lead
to a decline in PTH and a mean value below or around 300 pg/ml. Steady state
is reached after around 12 weeks. Notably, the PTH response variation is much
higher in the daily protocol due to cinacalcet accumulation.
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Figure 4.18 Weekly mean PTH as well as max/min values of cinacalcet naive patients
as a response to 60 mg daily or 60 mg TIW in patients with full adherence.

(A.2) 60 mg daily or 60 mg TIW / Real-life patient adherence

Weekly mean PTH as well as max/min values of cinacalcet naive patients based
on real-life patient adherence are shown in Fig. 4.19. The administration of pre-
scribed 60 mg daily (red line) results in PTH values compared to guaranteed 60
mg thrice weekly. However, the difference between the two protocols gets signifi-
cantly smaller. Accumulation of cinacalcet is limited in real-life patient adherence.
Therefore, the variation in PTH is smaller compared to the variation in patients
with full adherence.
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Figure 4.19 Weekly mean PTH as well as max/min values of cinacalcet naive patients
as a response to 60 mg daily or 60 mg TIW in patients with limited patient adherence.

(A.3) 30 mg daily or 60 mg TIW / Full patient adherence
Weekly mean PTH as well as max/min values of cinacalcet naive patients are
shown in Fig. 4.20. While the administration of 30 mg daily (red line) leads to lower
steady state PTH values of 60 mg thrice a week (black line), both administration
regimes lead to a decline in PTH and a mean value of around 300 pg/ml. Steady
state is reached after around 12 weeks. Notably, the PTH response is slightly
higher in the TIW protocol due to the higher single cinacalcet dose.
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Figure 4.20 Weekly mean PTH as well as max/min values of cinacalcet naive patients
as a response to 30 mg daily or 60 mg TIW in patients with full adherence.

(A.4) 30 mg daily or 60 mg TIW / limited patient adherence
Weekly mean PTH as well as max/min values of cinacalcet naive patients based
on real-life patient adherence are shown in Fig. 4.21. The administration of pre-
scribed 30 mg daily (red line) leads to higher PTH values than the guaranteed
administration 60 mg thrice weekly.
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Figure 4.21 Weekly mean PTH as well as max/min values of cinacalcet naive patients as
a response to 30 mg daily or 60 mg TIW in patients based on real-life patient adherence.

Post run-in phase

(B.1) 60 mg daily or 60 mg TIW / Full patient adherence

Fig. 4.22 shows weakly mean PTH as well as max/min values of patients who
have already received 12 weeks 60 mg cinacalcet daily. The administration of 60
mg daily (red line) leads to lower PTH values and a prolonged decline in PTH due
to the recovery of Ca?*. When we switch the protocol to 60 mg thrice a week
administration (black line), PTH will rise until it reaches a steady state after around
15 weeks. Both administration regimes keep mean PTH values below or around
300 pg/ml.
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Figure 4.22 Weekly mean PTH as well as max/min values in the post run-in phase as a
response to 60 mg daily or 60 mg TIW in patients with full adherence.

(B.2) 60 mg daily or 60 mg TIW / Real-life patient adherence
Fig. 4.23 shows weakly mean PTH as well as max/min values of patients who
have already received 12 weeks 60 mg cinacalcet daily. The administration of 60
mg daily (red line) still leads to lower PTH values than the administration of 60
mg TIW. However, the difference between the two administration regimes’ mean
values is within 60 pg/ml.
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Figure 4.23 Weekly mean PTH as well as max/min values of cinacalcet naive patients
as a response to 60 mg daily or 60 mg TIW in patients with limited patient adherence.

(B.3) 30 mg daily or 60 mg TIW / Full patient adherence
Fig. 4.22 shows weakly mean PTH as well as max/min values of patients who
have already received 12 weeks 30 mg cinacalcet daily. The administration of 30
mg daily (red line) leads to slightly lower PTH values and a prolonged decline in
PTH due to the recovery of Ca?*. PTH values remain almost constant when the
protocol is switched from 30 mg daily to 60 mg thrice a week (black line). Both
administration regimes keep mean PTH values around 300 pg/ml.
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Figure 4.24 Weekly mean PTH and max/min values in the post run-in phase as a re-
sponse to 30 mg daily or 60 mg TIW of patients with full adherence.

(B.4) 30 mg daily or 60 mg TIW / Real-life patient adherence
Fig. 4.25 shows weakly mean PTH as well as max/min values of cinacalcet naive
patients with limited patient adherence. The administration of 30 mg daily (red
line) leads to higher PTH values than the administration.

66



Remain at 30 mg daily or switch to 60 mg TIW

600

——— Daily
—TIW | -

(&)}

o

o
T

400

300

T
|

200

Mean PTH + Max/Min [pg/mL]
|.

-
o
o
T
1

0 | 1 1 1 1
14 16 18 20 22 24

Weeks

Figure 4.25 Weekly mean PTH as well as max/min values of the post run-in phase as a
response to 30 mg daily or 60 mg TIW in patients with limited patient adherence.

4.2.8 Limitations and conclusion

The assumptions on the decline of phosphate and calcium due to cinacalcet adminis-
tration are crucial for the model. The slower the decline in phosphate, the larger are the
variations in PTH values, and the longer it takes to reach a steady state in PTH.

We assume that the decline in phosphate and calcium is independent of the ad-
ministration regiment and the dose. We could not find any reference in the literature
describing phosphate and calcium’s response to cinacalcet administration for single pa-
tients. The mean values presented in literature might not be representative.

Large differences in min/max values of PTH in the run-in phase might indicate low
patient adherence. Limited compliance with food intake would decrease the TIW proto-
col’s disadvantage compared to the daily protocol even further.

Mutations in the CaSR lead to impaired responses to cinacalcet (129, 131, 186). We
could easily adjust the parameters of the operational model for allosterism to capture
known effects. Therefore, the model could be used to examine cinacalcet’s effect on
individual patients with genetic disorders in the CaSR.

Based on our assumptions, direct observable thrice-weekly cinacalcet with a com-
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parable weekly dose is not performing inferior to daily administration based on real-life
patient adherence.
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4.3 INTESTINAL CALCIUM AND PHOSPHATE ABSORPTION

4.3.1 Simplified calcium absorption model

We take the transcellular (calcitriol dependent and saturable) as well as the paracellular
pathway into account.

(1) Calcitriol dependency:

D(0)75%
D(0)"5e + (65%) "o

(I)g?G(D(O)) = O‘%?G + Pg(,l(; : (4.24)

(I)Ca (D) 1 Ca + Ca DWg?G (4 25)
= —_— a . .
pe SG(DO) \“PE T PE ey (s

where D is the serum calcitriol concentration.
(2) Net calcium absorption:

Active transport which is modeled by a classic Michaelis-Menten equation:

Ca OralCa

JC’a — (pC’a . .
ac. = TDG TG Ca  OralCa

Passive transport:

JG =S - OralCa

pass

Total net calcium absorption:

JGo — §Ca_ . yCo OralCa

=" 4 % Oral e 4.26
G ]{Zga T OralCa + CG OI‘& Ca + G ( )

dS® is an off-set to take endogenous calcium re-entering the gut into account.
Furthermore, we use d5* to calibrate the system. At a steady state with a standard
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calcium diet of 25 mmol per day, J5* should be around 4 mmol. OralCa is the
amount of calcium intake in mmol per hour. Reduced calcium diets or enriched

calcium diets can be simulated by adjusting OralCa .

Model predictions

Net absorption

300

1,25D = 90 pmol/l
— — —1,25D = 20 pmol/I

1,25D = 170 pmol/l

Net absorption [mg/day]

-100 ' '

Ca Diet [mg/day]

600

1000 1200

Figure 4.26 Predicted relationship between calcium diet and intestinal calcium net ab-
sorption. The absorption is significantly higher with higher calcitriol (1.25D) levels, while
absorption is lower at low calcitriol levels following the literature, e.g.(199).

Model parameters

Table 4.4 Exemplar parameters for calcium absorption

Variable Value Variable Value

ozlc)‘fG 0.05 pg‘fG 0.5

V5% 2 05% 90pMol
v&e 0.29 mmol h k&® 0.3 mmol
e 0.07 h' dge -0.07 mmol

4.3.2 Simplified phosphate absorption model

Again, we take the transcellular (calcitriol and saturable) as well as the paracellular

pathway into account.
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(1) Calcitriol dependency:

D(0)"b.c
D(0)"0.6 + (65 &) "Pc

(I)gﬂ(D(O)) = ag,G + Pg,G : (4.27)

P
D'p.c

1
4.28
Do + (3F G>”5G) o

@P D - - P P .
p.g(D) <I>5G(D(O)) <aD,G+pD,G

where D is the serum calcitriol concentration.

(2) Net phosphate absorption:

OralP
J(IJD = ‘bg,a G -

4 P OralP + d& 4.29
G 5E+ Orap o Orall +da ez

df is an off-set to take endogenous phosphate re-entering the gut into account.
Furthermore, we use d% to calibrate the system. At steady state with a standard
phosphate diet of 32 mmol / day, JZ should be around 21 mmol. OralP is the
amount of phosphate intake in mmol per hour. Reduced phosphate diets or en-
riched phosphate diets can be simulated by adjusting OralP .
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Model predictions
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Figure 4.27 Predicted relationship between phosphate diet and intestinal phosphate net
absorption. The absorption is higher with higher calcitriol levels; intestinal phosphate
absorption is significantly lower at low calcitriol concentrations following the literature,

e.9.(180).

Model parameters

Table 4.5 Exemplar parameters for phosphate absorption

Variable Value Variable Value
ab g 0.5 Pp.c 12
Yb.c 3 oba 60 pMol
vE 1.2 mMol h™! kE 1.2

ck 0.07 h
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4.4 RENAL HANDLING OF CALCIUM AND PHOSPHATE

4.4.1 Simplified model for renal calcium reabsorption and excretion

We use a simplified model for renal calcium excretion:

We fit three lines to the excretion curve: One line with a slope zero for calcium concen-
trations below the renal threshold, one line with a slope close to zero for the splay, and
a line with a slope equal to the filtration rate for values larger than 7,,,/GFR. In order to
have a smooth function, we use an exponential function approximation for the piecewise
linear function (112). The maximal renal reabsorption T,,/GFR of calcium is a function
of PTH: higher PTH concentrations (PI'H) shift the value towards higher plasma calcium
concentrations resulting in increased calcium reabsorption:

a a a a PI’H(O)’Y%ZH’R
(I)JC;TH,R(O) = agTH,R - (agTH,R - ng“H,R) : Ca C Ca (4.30)
PTH(0)"PTH.R + (85fy ) FHR
Q%H,R = (I)g%H,R(O) ’
g =il
a a a HHW%H’R
OQCJTH,R - (agTH,R - P}CJTH,R) ) Ca c Ca (4.31)
PIrHVPra.R 4 (5P1‘1'H7R>’YPTH,R

Let B° be a vector of the two points where the pairs of two consecutive lines meet
under calcium homeostasis and JCa a vector of the three values of the line slopes
which is a function of filtration rate, i.e., JCa; = jCa; - GFRFunction(t) - 0.6 (under the
assumption, that 60% of non-protein-bound calcium is freely filtrated). B = B® - &%,y »
corrects the maximal renal reabsorption concentration as a function of PTH. We use the
following auxiliary functions:

bCa® = 0.5 (JCa®(3) + JCa’(1)) bCa = 0.5-(JCa(3) + JCa(l))

Ca® = 0.5- Y2 (JO(i + 1) — JC(i)) ¢Ca=0.5-32 (JCa(i+ 1) — JCa(i))
aCa® = 7 cCal) - | BY)| aP =37, cCa; - |By|

ACA® = aCa® — Y2, cCal - b ACa = aCa — Y2, cCa; - b;

BCa® = bCa® + 37, cCa? BCa =bCa+ Y7, cCa;
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2

JS0) = ACa0+BCa0~C(O)+§ZcCa?-ln(l—l—eXp(—a-(C(O)—bC’aO)))(4.32)
=1
Ca 2 <
Jge = AC’a—i—BC’a-C’vLaZcC’ai-ln(l—I—eXp(—a-(C’—bC’a))) (4.33)

=1

The parameter o regulates the smoothness of the approximation. C' is the total
calcium concentration (+ CaHPOy if taken into account).

Model predictions

400 120 - -
Excretion PTH = 3.85pmol/l
— — —Filtration 100 j— — —PTH = 10pmol/l
3000 Reabsorption A PTH = 1pmol/l
= > i
© - e} 80
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Figure 4.28 Left: predicted calcium filtration, excretion, and reabsorption as a function
of plasma calcium concentration. Right: Predicted calcium excretion for different levels
of PTH plasma concentration.
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Model parameters

Table 4.6 Exemplar parameters for renal calcium handling. Parameters estimation is
based on (166).

Variable Value Variable Value

oSy p 0.98 PSR 1.02

Otk PTH(0) pMol Vet R 2

BO (2.1,2.6) mMol JCa (0,0.1667,1)

4.4.2 Simplified model for renal phosphate excretion and reabsorp-
tion

We use the following simplified model for renal phosphate excretion:

Again, we fit three lines to the excretion curve: One line with a slope of zero for low
phosphate concentrations, one line with a slope close to zero for values in the splay
region, and one line with a slope equal to the filtration rate for values larger than the
maximal renal reabsorption capacity. To have a smooth function, we use an exponential
function approximation for a piecewise linear function (112). The renal threshold of
phosphate is a function of PTH: higher values of PTH shift the renal threshold towards
smaller plasma phosphate concentrations:

CI)I};I‘H,R(O) = O‘?TH,R_

PTH(O)’YETH,R

4.34
PTH(0)775 + (3Fry ) 7o 459

(ang,R - Png,R) )

q)ftDTHR = ; :
' (I)II;TH,R(O)
P]"H'YJI;TH,R
(4.35)
PTH rrin + (5]€I’H,R)75TH’R>

(ang,R - (ang,R - Png,R) )

Let ° be a vector of the two points where the pairs of two consecutive lines meet un-
der phosphate homeostasis and J a vector of the three values of the line slopes, which
is a function of filtration rate, i.e., J; = j; - GFRFunction(t) - 0.85 (under the assumption,
that 85% of phosphate are freely filtrated). b = 0° - (I)fim r corrects the renal threshold
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as a function of PTH. We use the following auxiliary functions:

bP° = 0.5 - (JP°(3) + JP°(1)) bP = 0.5- (JP(3) + JP(1))

cP’ =057 (JP(i+1) = JP°»i)) ¢P=0.5-37 (JP(i+1)— JP(i))
aP? =370, cPf - |bf) aP =37, cP; - |bi

AP® = aP® — 322 cP? -1 AP =aP — Y2 cP;-b;

BP° =bP°+ 37 cP? BP=bP+Y7  cP

JE(0) = APO—l—BPO'C’(O)—F%'ZcPiO&n(l+exp(—a~(C(0)—bPO))) (4.36)

i=1

2 2
JE = AP+BP-C+E-ZcPi-ln(1 + exp(—a-(C' —b))) (4.37)

=1

The parameter a regulates the smoothness of the approximation. C' is the total
phosphate concentration (+ CaHPO, if taken into account).

Model predictions
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Figure 4.29 Left: predicted phosphate filtration, excretion, and reabsorption as a func-
tion of plasma phosphate concentration. Right: Predicted phosphate excretion for differ-
ent levels of PTH plasma concentration.
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Model parameters

Table 4.7 Exemplar parameters for renal phosphate handling. Parameter estimation is
based on (119, 125).

Variable Value Variable Value

aII;TH,R 1 pII;TH,R 0.6

WETH,R 4 5£TH,R PTH(0) pMol
b0 (0.9,1.22) mMol | J (0,0.22,1)
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4.5 CALCITRIOL

We use a two-compartment model for calcitriol levels. The first compartment corre-
sponds to calcitriol synthesis (SD), the second to the serum calcitriol levels (D).

(1) The synthesis rate SR is a function of Ca*(Ca), phosphate (P), PTH (PT'H) and
calcitriol concentrations. Moreover, we assume that the synthesis ability of the
kidneys is reflected by the GFR:

PI'HYD.PTH KDJD KD,D KD,Ca

SR — 5min 4 é‘max ) . . . ,
b b prHY.m 4 Koy P+Kpp D+Kpp Ca+ Kpea

where 51" is the minimum synthesis rate.
(2) The dynamic equation for the synthesis can be written as

dSD
dr SR - (¢crr + (1 — darr) - GFRFunction(t)) — csp - SD.

(3) The degradation rate of calcitriol in the plasma is partly down-regulated by PTH
concentration:

cp=-cD - <¢D,PTH + (1 — ¢p.pru) - %;9)

(4) The amount of calcitriol in the plasma (D) is determined by the following ordinary

differential equation:

dD
E:SD—CD'D.

Parameters

Table 4.8 Exemplar parameters for calcitriol dynamics. Parameter estimation is based
on (14, 139, 172).

Variable Value Variable Value

ymim 6.299 pmol h’ ypax 89.2 pmol h''
KD,PTH 30 pl\/l0| YD,PTH 4.8

Kpp 200pMol Kp.ca 3.3 mMol
KD,P 5 mMol Cp 0.1 h-1

OGFR 0.9 Csp 0.05/h
®p,PrH 0.1
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4.6 INTRACELLULAR PHOSPHATE

We make the following assumptions for our physiology-based model approach:

(1) We have two intracellular compartments: One compartment represents the amount
of free intracellular phosphate, PZ/Z. The second compartment represents the
amount of bound intracellular phosphate, P;. The two compartments ensure the
buffer ability of the cell.

(2) There is a fast passive transport between these two compartments.

(3) There are two ways for phosphate to transfer from the ECF to the intracellular
compartment: it can diffuse, or it can be pumped actively into the cells.

(4) Phosphate diffuses from the cells to the ECF. However, transport is enhanced if
the plasma concentration reaches a critical level.

Therefore, the new model reads as follows:

d - a, P,

f o _ ic s s pf
EPZ.C = kg P)F + —ngpfégp — H(P,)-P.+ kP, — k} Py, (4.38)
d
—ps — _k'ps+pspf 4.39
dt” s ic + f~ie ( )

where P, is the plasma phosphate concentration and H(P,) = kjccf_T;;.pzj?/(pﬁJr
(8i5)7%). The model predictions are close to the clinical findings (Fig 4.30).
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Figure 4.30 Predictions based on the new model: Linear removal of phosphate during
hemodialysis (left panel) leads to a steep decline within the first hour of an HD ses-
sion. The plasma phosphate concentration then plateaus despite continuing phosphate
removal (right panel).

Parameters

Table 4.9 Exemplar parameters for IC-ECF phosphate exchange. Parameter
estimation was based on (117, 134, 211).

Variable Value Variable Value

ap 5hT Yp 5

5, 2.5 mMol kel 100 h!

T 99.99 h' i 40

o 0.9 mMol ki, 0.407 h'!
k! 10 h k5 0.7143 h"'
PL(0) 200 mMol P (0) 2800 mMol

4.6.1 Sensitivity analysis

We performed a sensitivity analysis by multiplying the corresponding parameters by 2 or
0.5 and analyzed the response of phosphate removal in a single dialysis session (Fig.
4.31 and Fig. 4.32). Since the relationship between extra and intracellular phosphate
also determines the rise and fall of phosphate plasma concentrations under non-steady
state conditions, we also simulated kidney function loss and regular hemodialysis (when
GFR is below 5% of the healthy GFR) with the integrated calcium and phosphate home-
ostasis model. These results are presented in the Appendix.
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Figure 4.31 Predicted behavior during a single dialysis session with the standard pa-
rameter set (black line) and under the condition that a single parameter is multiplied by
0.5 (red line). While the qualitative prediction is not sensitive to changes in ap, vp, k},

P/(0), and ~, the behavior changes significantly if /| 7is or §% are altered. Specifi-
cally, the flux from the IC compartment does not reach a significant level indicating that
the point of recovery is not reached during the dialysis session. Changing one of these

parameters implies that the other two parameters have to be adjusted as well.
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Figure 4.32 Predicted behavior during a single dialysis session with the standard pa-

rameter set (black line) and or under the condition that a parameter is multiplied by 2

(red line). Again, while the qualitative prediction is not sensitive to changes in ap, vp,
%, P1(0), and ~%, the behavior changes significantly if k{/, 75 or 6% are altered.
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4.7 CALCIUM-PHOSPHATE PRECIPITATION AND VASCULAR CAL-
CIFICATION

We use the following model for C'a PO, dynamics:

(1) Point of no return due to hyperphosphatemia:

We assume that it takes high levels of phosphate for a long time before the point of no
return is reached. Again, we use a stimulus function to model the effect of hyperphos-
phatemia. This approach takes the critical amount of time necessary for the reaction of
the system into account. Moreover, the stimulus function filters short-lived phosphate
spikes. In our model, the point of no return is reached if the variable PNR = 0. However,
while PNR declines exponentially under the presence of a long-lasting phosphate stimu-
lus, it will not reach zero in a finite amount of time. In our numerical implementation, the
point of no return is reached once PNR is sufficiently small. In this thesis, the numerical
threshold for PNR is defined as 10~1°.

dPNR
—— = —ker- PNRyim - PNR (4.40)
% = (stimp(P—P,y) - (1 —sign(stimp(P — P,p)) - PNRgim) — PNRstim,)
“TPNR; (4.41)
1 1
stimp(z) = max(0 —1) (4.42)

"1+exp(—Kp - (z—11)) + 1+ exp(—Kp(z + x1))

where PNR(0) = 1 and PNRg;»(0) = 0.

(2) Conversion rate k,,,. from Ca PO, to solid forms:
The conversion rate is zero at steady state and increases when a threshold level of
CaPOQO, is reached. We estimate the rate by a piecewise linear function consisting of
three lines and use a smooth approximation of the piecewise linear function. We assume
that the lines meet in b,,, = (b},,b2,). Ju- is @ vector comprising the slopes of the three
lines:
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knr = (K2 + Apy + Bpr-CaPOy +
2

anr

> iy In(1 + exp(—an,+(CaPOs = bur))))

i=1

where
Anr = Z?:l Cin" ’ ‘b:n“ ATLT = Qpr — Z?:l Cizr ’ b%m‘
Bm" - ﬁm‘ + Z?:l C?@r?

where «,,, regulates the smoothness of the approximation.
We make the same parameter adjustment for dp.; 4.

(4.43)

(2) Dynamic equations for CaPQO,, Fetuin A (FetA), CPPs (CPP) and solid

forms CaPOj:

Jea% = kcawp - PNR - (Chtc — CaPO4 - V) - (Ppcc — CaPOy -

+(1 — PNR) - kENR
Jotro, = doap - CaPO,
JEo, = dpea (FetA— CPP) - CaPO,
Tt = k- CaPO,

dC(IPO4 _ JCCLPO4 _ 7Ca,P  gFetA __ jdepot
T - Ca,P CaPOy CaPOy CaPOy
dCPP
dFetA
dt S pFetA(GFR) — CFetA F@tA

Here, we assume that C%f., is 55% of the total calcium concentration (29). When
PNR is close to zero, the formation rate of Ca PO, detaches from actual Ca®*and phos-

phate concentrations. Furthermore, we adjust the total calcium and phosphate equa-
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tions by taking the loss due to CPP formation and the loss to the depot (C'aPOj) into
account.

In case the model should be studied without the point of no return concept, equation
4.48 reduces to

% = kcaxp . (C -0.55 — CGPO4 . V) . (P — CCLPO4 . V) — dcaxp . CCZPO4
_dFetA . (FetA — CPP) . CCLPO4 — ]Cm« . CCLPO4.
Parameters

cepp and cres 4 are estimated from the literature (41, 99). The slope of pr.. 4 is estimated
from the literature (210). The steady state determines pr.;4 and the basal value for
dpeta- kcaxp and deq.p are based on literature data (85).

k.. is zero at steady state and starts to increases after a certain threshold b}, . is
reached. The threshold (currently 0.13 mMol) is estimated. The other parameters are
assumed to be b2 = 0.2 mMol and J,,,, = (0, 6, 0) (i.e., the slope is zero for values below
bl

nr-

k.. than rises quickly before reaching its maximum value at b2 ..)

The parameters regarding the point of no return for the detachment of Ca PO, for-
mation from Ca2*and phosphate concentrations is estimated based on the simulations.
Currently, 7pyg = 107° and kpnvg = 5, 21 = 0.8 mMol (i.e., the stimulus is almost zero for
deviations smaller than 0.8 mMol from the steady state value and reaches its maximum
with a deviation lager than approximately 1.357 mMol), and Kp = 2.5/ mMol.

Table 4.10 Exemplar parameters for C'a PO, dynamics

Variable Value Variable Value

by (0.15 0.5) mMol Jor (0,5, 0)

TPNR 107° kpng 5

1 0.8 mMol Kp 2.5/mMol
kpnr 5 kcaxzp 121/(mMol-h)
ccpp 0.9242 h' CFetA 0.2791 h'
kENE, 1.5-kcaxp dYera 7.4-1073
breta (0.062 0.07) JFeta (0,10, 0)

Sensitivity analysis

To analyze the sensitivity of model predictions to various parameters, we performed a
sensitivity analysis. The respective parameters were either multiplied by 2 or divided
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by 2. Since the effect of calcium-phosphate precipitation is systemic, we simulated the
loss of kidney function over time. We assumed that regular dialysis started when the
GFR was below 5% of the healthy GFR. In the sensitivity graphs, the black vertical line
indicates the start of hemodialysis. The analysis shows that k¢, p, IS a crucial parameter
(Fig. 4.34, Fig. 4.33). A wrong choice of kq.,p might even lead to instabilities. The
same is true for J,,.(2) and b,.(1). If J,.(2) is too large, plasma calcium levels decline
unrealistically. If b,,.(1) is too large, plasma calcium levels rise unrealistically. The model
is not sensitive to the other 6 parameters (their graphs are presented in the Appendix).
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4.8 BONE MODEL

The bone model is loosely based on the model introduced by Peterson and Riggs (174)
and includes RANK-RANKL-OPG regulation, Runx-Bcl2-CREB regulation and TGF-£.
The main differences include the regulation of the maturation of osteoclasts (104), the

regulation of apoptosis and differentiation of osteoblasts, and the action of TGF-5 on
osteoclasts.

4.8.1 Main model assumptions

Based on bone physiology, we made the following model assumptions:

(1)

(@)

RANK synthesis is inducible by active TGF-5 (115). RANK degradation is as-
sumed to be a first-order process.

The synthesis rate of RANKL is a function PTH concentration (74, 144) and cal-
citriol (121, 161, 227). Since osteoblasts express RANKL, the synthesis rate in-
cludes a term for the fractional changes in osteoblasts. RANKL degradation is
described as a first-order process.

Binding rate constants account for association and dissociation of RANKL/RANK
and RANKL/OPG. The association rate of RANKL and OPG is a factor 100 higher
than the association rate of RANK and RANKL.

Runx2 and CREB synthesis rates are assumed to follow first-order elimination.
The Runx2 elimination rate and the CREB synthesis rate are functions of PTH
concentrations. Bcl-2 affects osteoblast survival by decreasing the apoptosis rate
of osteoblasts. Intermittent PTH administration is associated with an increase
in Runx2-associated anti-apoptotic signaling. However, this effect is diminished
by continuous PTH administration due to the increased production of Runx2 de-
grading enzyme (6, 8). Accordingly, the increase in the anti-apoptotic signaling
is Kinetically faster than the increase of the Runx2 degrading enzyme’s synthesis
rate.

OPG synthesis is linearly affected by the amount of responding osteoblasts and is
inversely related to PTH levels (74, 144).

TGF-g is produced as a latent form by osteoblasts (51). The latent form is con-
verted to its active form during bone resorption by the signaling of osteoclasts
(52). Therefore, we assume that the latent form’s production rate is a function
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of the number of osteoblasts, the removal rate of the latent form is a function of
the number of osteoclasts. The active form’s removal rate is assumed to be 1000-
fold higher than the removal rate of the latent form. Therefore, the amount of latent
TGF-3 is 1000-fold higher than the amount of the active form under healthy steady
state (52).

(7) Mesenchymal progenitors are differentiated into responding osteoblasts. The dif-
ferentiation rate is a function of active TGF-3. The elimination rate for responding
osteoblasts is assumed to be of first-order. The input rate for active osteoblasts
equals the output rate from the responding osteoblast compartment. Again, elim-
ination is assumed to be of first-order. Osteoblasts have two fates: they can un-
dergo apoptosis (roughly 70%) or differentiate to osteocytes (111).

(8) The ratio of osteoclasts to osteoblasts at a healthy steady state is approximately
4-5 osteoblasts per osteoclasts (110).

(9) RANKL is required for the production and survival of osteoclasts (178). The effect
of RANKL on the production rate depends on the relative level of the OPG-RANKL
complex. Apoptosis is assumed to be of first-order and inversely related to active
TGF-5 and RANKL (212).

(10) The availability of osteoblastic and osteoclastic precursors in unlimited.

Auxiliary functions

We use the following auxiliary functions:

@) = a(50) (451)
H (r) = a—(a—p) <57Tx7> (4.52)
Hf(z) = p+(a—p) <5Vivx7> , (4.53)

where p is either the parameter set («a, 9, ) or the parameter set («a, d, 7, p).

Notation

G denotes the gut compartment, ECC' the extracellular fluid compartment. I denotes
intestinal, B denotes the bone compartment. /C denotes the intracellular compartment.
The superscript fast denotes the interchangeable pool in the bone, the superscript slow
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the non-interchangeable pool. The symbol « between two variables denotes the complex
of the two variables, i.e., RANKL* OPG is the RANKL-OPG complex.

Intracellular pathway: Runx2-CREB-Bcl2

The model of the Runx2-pathways is the same as the one introduced by (174). The
mRNA for Runx2 (RX?2) has a half-life of less than 2 hours (77), and we assume that
the entire Runx2-pathway responds on a similar time scale. Bcl-2 (Bcl) and CREB
(C'reb) are assumed to follow first-order elimination. The corresponding parameters are
provided in table 4.12.

ZRX2 = cnxs - RX2(0)-Hizg axa(PTHzcc/ Vice) - RX? (4.54)
d
%C’reb = cores - Creb(0) - Hipy crer(PTHECC/VECC) — Ciren - Creb  (4.55)
d
%Bcl = c¢pa-RX2-Creb— cpy - Bel (4.56)

RANK-RANKL pathway

The parameters are provided in table 4.13.

%RANKL = krankr — Crankr © RANKL — krankr, rankixorg - OPG - RANKL
+k rankrrora, rankr - RANKL* OPG
~k pankr, rankrank - RANK - RANKL
+K pank rank, raNkr, - RANKL x RANK, (4.57)

where PI'Hc = PTHgcc/Vece, D is the calcitriol concentration and

k — 10 ( OB )PYOEff Q' PTH,RANKL * PIHc
RANKL = RRANKL "\ O B(0) Spri.ranks - (OBJOB(0)) 08 + PTHc
HB,RANKL(D) : H;—GFBact,RANKL(mFBaCt) (4.58)
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Osteoblasts (+)

Osteoclasts (+)
TGF-B. > | TGF-B,

Figure 4.39 TGF-3 is produced in a latent form by osteoblasts and activated by osteo-

clasts.
ERANK
dt
d
%MNKL * RANK
d
— RANKL + OPG
dt
d
—OPG
dt
where
PIr'HonOPG =
TGF-3

kRANK . TGFBaCtVMFBaCt’RANK*CMNK - RANK

—kpankr, rankicrank - RANK - RANKL
+k rankze rANK, RaNKL - RANKL* RANK
kranir, rankrxrank - RANK - RANKL
—k rankrcrank, rANKL - RANKL x RANK
kpankr, rankrrora - OPG - RANKL

k pankrorc, rankr - RANKL* OPG
cor - OPG(0) - (OBres/OBres(0)) -
PTHonOPG - Hityp,e ope (TGFBact)
—krankr, rankrore - OPG - RANKL
+kpankixora, rankr, - RANKL* OPG
—copcOPG,

PTHc + PI'Hc(0) - OBres/OBres(0)

2-PIHc

(4.59)

(4.60)

(4.61)

(4.62)

The following set of ordinary differential equations describes the dynamics TGF-£ in its
latent (TGFB) and active form (1GFBact). The parameters are provided in table 4.14.

93



d OB YOB,TGFB
d OC YOoC, TGFB
amFBaCt = CTGFB °* TGFB - (m) *103 * CTGFB TGFBact (464)

Osteoblasts

We model responding osteoblasts (OBres), which mature to active osteoblasts. Active
osteoblasts (OB) can undergo apoptosis or transform into osteocytes. The parameters
used in the simulations are provided in table 4.15.

d COBres

—OB = kopres - H TGEFBact) — -OB 4.65

i res OB TGFB,OBres( ct) HI%FB,OB(mFBaCt> res ( )
d COBres Capo Cdif f
—0OB = -OBres— P -OB (4.66
dt Hjorpos(TGFBact) (HM7OB(M) " TCrB (4.66)

where RX = max(10, Bel — 90).

Osteoclasts

The production of osteoclasts depends on the relative level of RANK in complex with
OPG compared to RANKL. The removal rate is inversely related to active TGF-5. The
survival of osteoclasts also depends on RANKL due to its anti-apoptotic function (212).

d
—0C = koo - Hiweors.oc(RANK *OPG) — (4.67)

dt
Ccoc - HaPG,OC(RANK*OPG) -0C
(4.68)

Initial conditions

The initial conditions used in the simulations are provided in table 4.11.
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Table 4.11 Initial conditions for the bone model.

Ca fast pool
Ca slow pool
PO4 fast pool
PO4 slow pool
Responding Osteoblast
Osteoblast
Osteoclast
Latent TGF-3
Active TGF-3
RANK

RANKL

OPG

Runx2

CREB

Bcl-2

150 mmol (175)
24850 mmol (175)
100 mmol (165)
1500 mmol (165)
0.001

0.005

0.001

200

0.2

10 (174)

0.4 (174)

4 (174)

10 (174)

10 (174)

100 (174)

Table 4.12 BCL2-CREB-Runx2-pathway. All other parameters are
calculated from the initial conditions and a steady state assumption.

Compartment Parameter Value
Runx2 CRX? 0.7 h-1
QO PTH,RX?2 2
YPTH,RX2 1
PPTH,RX?2 0.125
Creb CCreb 0.003 hT
QUPTH,RX2 4
YPTH,RX?2 1
PPTH,RX2 0.5
BCL2 CBCL 07 h-1

4.8.2 Results

A key result regarding osteoblast regulation is that intermittently elevated PTH concen-
trations reduce osteoblast apoptosis rate, while continuously elevated PTH concentra-
tions don’t alter the apoptosis rate (6, 8, 225). In both scenarios, PTH up-regulates
bone turnover. We test the model’s ability to predict such behavior by prescribing either
continuously rising PTH concentrations are intermittently elevated PTH concentrations.
The results are presented in Fig. 4.40. While the apoptosis rate is not altered if PTH
rises continuously, the daily average apoptosis rate declines if PTH is administered in-
termittently. Since PTH is enhancing bone turnover, the number of osteoblasts is rising



Table 4.13 RANK-RANKL-OPG pathway. All other parameters are calculated from

the initial conditions and a steady state assumption.

Compartment Parameter Value
RANKL CRANKL 0.003 hT
YOEff 0.18
QPTH, RANKL 1.3
QD RANKL 1.2
YD,RANKL 2
PD,RANKL 2
OTGFBact, RANKL 1.5-TGFBact(0)
YIGFBact, RANKL 0.2
O'TGFBact, RANKL 1.2
k RANKL, RANKI+OPG 3.12- 1023 h!
K RANKL, RANKI« RANK 6.5-10% h
k rank 1 0PG, RANKT, 5.6-10" h'
K RANKL« RANK, RANKL, 1.12-10" h
RANK CRANK 0.0032 h™
YTGFBact, RANK 0.1518
OPG copa 16 hT
5TGFBact,OPG 1 STGFBCLCt(O)
YTGFBact,OPG 0.2
PTGFBact,OPG 0.8

Table 4.14 Parameters TGF-5.

Parameter Value
CTGFB 31075 hT
VOB TGFB 0.01
YoC,TGFB 0.6

in both scenarios. However, the rise is more prominent in the case PTH is administered

intermittently.
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Figure 4.40 Upper panel: We prescribed either intermittently elevated PTH concentra-
tions (black line) or continuously rising PTH concentrations (blue line). Middle panel:
Daily average apoptosis rate (solid black line) declines if PTH is administered inter-
mittently (left y-axis) while the apoptosis rate is unchanged if PTH rises continuously
(right y-axis). The lower panels shows the corresponding dynamics of osteoblasts for
intermittently elevated PTH concentrations (black line) and continuously rising PTH con-
centrations (blue line).
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Table 4.15 Parameters for the osteoblast and osteoclast model. Apoptosis rates are
chosen such that the mean lifetime at a healthy steady state of osteoblasts is three months,
the mean lifetime of osteoclasts is two weeks. All parameters not presented in this table are

calculated from the initial conditions and a steady state assumption.

Compartment Parameter Value
Responding OB koBres 1.5.107° h!
COBres 3310_3 h_1
V%GFB,Res 1.8
QO'TGFB, Res 15
PTGFB,Res 0.2
OB Capo 271073 h"
b0Bo 0.764
Orp 0.3132
YRX,0B 3.6780
OoC boc 0.0292
PRANKIxRANK,0C 0.3883
Q! RANKI+ RANK ,0C 3.1567+p rankLxRANK OC
YRANKI+ RANK,OC. 8.5306
O RANKIx RANK 0.3883
PTGFB,0C 0.2004
QTGFB,OC 1.9746 + prarBoc
YIGFB,0C 1.0168
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4.9 INTEGRATED MODEL OF CALCIUM AND PHOSPHATE HOME-
OSTASIS

4.9.1 Ca?*and phosphate fluxes from and to the bone pools

We employ two bone pools, a labile or interchangeable bone pool, and a slow bone
pool. Since the labile bone pool is thought to be on the bone surface, we assume that
calcium and phosphate diffuse between ECF and the labile bone pool (85). Due to
mineralization governed by osteoblasts, calcium and phosphate are transported to the
slow bone pool. Bone resorption by osteoclasts is responsible for transferring calcium
and phosphate from the solid bone to the ECF (Fig. 4.41). At a healthy steady state,
15 mmol calcium per day is exchanged between the ECF and the bone due to bone
resorption and formation (175).

With /5., we denote the flux from the ECF to the fast calcium bone pool, with JEFC
the flux from the fast calcium bone pool (Bf) to the ECF. Jgf denotes the flux from the
fast calcium bone pool to the slow calcium bone pool (Bs) and JE¢C the flux from the

slow bone pool to the ECF.

JCa2t. = k- Crec (4.69)
JCag$® = kpy- Bfca (4.70)
JCag; = Cpec: (Mmin+ M) (4.71)

%M = ky-OB—cy- M, (4.72)

where M is a dummy variable describing mineralization in response to changes in
osteoblasts.

JCak9C = Bs-(Basal + Resorp(RANK xOPG, 0C)) (4.73)

RANK xOPG,  OC \rRRroC
o ( RANK xOPG OC(O)) -Hoc.pec(0OC)  (4.74)

Resorp

The same equations hold for the fast and slow phosphate bone pool. While the molar
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Bone

kps IC calcium pool Bf
Calcium < Initial value
ECF kg 100 mmol
1%
CECC
l F(OB)
o
[4)
( <) Non-IC calcium pool Bs
Initial value
24900 mmol

Figure 4.41 Calcium entering and leaving the bone compartments. There is a rapid
(passive) exchange between ECF and the fast bone pool. Osteoblasts are responsible
for bone formation and the transformation between the fast and the slow bone pool.
Osteoclasts are responsible for bone resorption.

ratio of hydroxyapatite determines the ratio of calcium and phosphate release from the
bone, the daily exchange rate between the interchangeable bone pool can be chosen
according to calcium-phosphate salts in the labile bone layer.

Parameters

The parameters k,z and Basal + ks, are chosen such that the daily flux from the fast
bone pool to the ECF under healthy steady state is 100 mmol and the daily flux from the
ECF to the fast bone pool is 115 mmol (175). Moreover, we assume 15 mmol calcium
is shifted from the fast bone pool to the slow bone pool and from the slow bone pool to
the ECF due to osteoblast regulated mineralization and osteoclast regulated resorption
(173, 175).
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Table 4.16 Parameters used for the simulations

Compartment Parameter Value
Mineralization ks 55.3h’

M, 1
Resorption Yoc.EcC 1.15

Qoc,ECC 0.5

YRROC 0.6

Basal 2.26-10~° mmol

ksp 0.1 mmol
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5 Results

We provide a sketch of the integrated model of calcium and phosphate homeostasis in
Fig. 5.1. Fluxes between the different compartments are described in the corresponding
chapters.

Intestine Bone
Calcium absorption Calcium (fast /slow pool)
Phosphate absorption Phosphate (fast / slow pool)
Responding osteoblasts
Intracellular fluid Osteoblasts
Phosphate Osteoclasts
RANK -RANKL-OPG
Extracellular fluid Latent TGFg — active TGFg
Concentrations of Runx2-CREB-BCL-2
Phosphate :
lonized calcium Kidney
Calcitriol Calcitriol synthesis
PTH Calcium, phosphate, and CaHPO4
CaHPO. reabsorption /excretion
Fetuin A, CPP
Parathyroid gland
Calcium-phosphate precipitation izzR’t ;/tli)cljns
Non-reversible CaHPO4formation P
PTH release

Figure 5.1 Block diagram of the integrated calcium and phosphate homeostasis model.
The main compartments are the intestine, intracellular fluid, extracellular fluid, calcium-
phosphate precipitation, bone kidney, and parathyroid gland. There is an exquisite net-
work of regulators and feedback loops between and within the various compartments
triggering a cascade of alterations if calcium and phosphate homeostasis is disturbed.
Calcium and phosphate fluxes between the compartments and the fluxes’ regulations
are described in the corresponding chapters.
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5.1 RESTORATION OF CALCIUM AND PHOSPHATE HOMEOSTASIS

An integrated model of calcium and phosphate homeostasis must predict the fast restora-
tion of calcium and phosphate homeostasis in the case of non-chronic disturbances. We
chose days with different calcium diets as well as intravenous phosphate load as test
scenarios.

(I) Intravenous phosphate load:

We assume a rapid rise in the phosphate concentration due to a phosphate injection.
In (216), the authors studied the effect of an intravenous phosphate load on PTH, renal
response, and calcium and phosphate levels in rats. Phosphate infusion of 0.5 mmol
led to a transient rise in plasma phosphate levels and phosphaturia within 10 minutes.
Calcium levels declined, and PTH levels increased within 10 minutes. Our model pre-
dicts the same behavior (Fig. 5.2). The prominent rise in phosphate leads to a sharp
increase in CaHPO, formation. Due to the increase in calcium-phosphate precipitation,
Ca?*declines, and the PTG responses with pre-formed PTH release. PTH triggers renal
phosphate excretion resulting in phosphaturia quickly.

() Lifestyle effects: A single day without any calcium in the diet
The body must have the ability to restore calcium homeostasis and prevent drops in
Ca?*concentrations if the calcium diet is disturbed. Here, we assume no calcium was
the diet on day 1 (i.e., calcium net absorption is negative, and calcium diet was back to
a standard content of 25 mmol/day on day 2. The simulations predict that the system is
back to a quasi homeostatic state at the end of day 2. The nadir of Ca®*is less than 2%.
PTG response with a quick release of preformed and stored PTH. Phosphate decreases
to the phosphaturic effect of PTH. Therefore, CaPQ4 salt formation is impaired, ensuring
higher Ca2*concentrations compared to total calcium concentration.
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Figure 5.2 The sharp rise in phosphate leads to a sharp rise in the formation of CaHPO,
salts. The resulting drop in Ca?*which triggers a sharp rise in PTH. PTH enhances renal

phosphate excretion. Homeostasis is restored within 5 hours.
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Figure 5.3 Response of various concentrations to a day without any calcium in the diet.
We assume that no calcium was in the diet on day 1. The diet content was back to the
regular diet (25 mmol / day) on day 2. The PTH response to lower calcium levels triggers
the renal excretion of phosphate and renal reabsorption of calcium. Fluxes from C'aPO,
and the fast bone pool also buffer the ionized calcium concentration.
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5.2 PRIMARY HYPERPARATHYROIDISM

A tumor in the PTG is usually the cause of primary hyperparathyroidism (PHP). PHP
commonly results in hypercalcemia and hypophosphatemia (207). Moreover, PHP com-
monly leads to bone loss (167). Patients suffering from primary hyperparathyroidism
usually suffer from hypercalciuria, which often results in renal stone formation. Renal
stone formation is the indication for parathyroidectomy in most patients (57, 214). We
mimic PHP by increasing the PTH synthesis rate such that the PTH concentration in-
creases roughly five-fold. Our results reflect the clinical manifestations of primary hyper-
parathyroidism (Fig. 5.4). While calcium levels are elevated, phosphate declines despite
an increase in calcitriol. The numbers of osteoblasts and osteoclasts increase. How-
ever, osteoclasts’ increase exceeds the increase in osteoblasts, disturbing the balance
between bone formation and bone resorption in favor of bone resorption. Moreover, we
observe hypercalciuria (Fig. 5.5).

500 - . - - » 140
Ca2+
()
£ 400 | < —— P
@ © 120 1
© ©
2 300 f .g
€
S £ 100
“\; 200 1 1 ) ~
) =) S e e o
PTH -—— =
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Figure 5.4 Simulated primary hyperparathyroidism based on elevated PTH synthesis
rates. High PTH levels lead to a higher increase in osteoclasts than in osteoblasts and,
therefore, bone resorption. Calcium levels increase significantly. Despite the rise in
calcitriol levels, phosphate decreases due to the phosphaturic effect of PTH.
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Figure 5.5 Renal excretion and intestinal absorption of calcium and phosphate during
simulated primary hyperparathyroidism (Fig. 5.4). The high calcium load results in
hypercalciuria despite significantly elevated PTH concentrations.
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5.3 HYPOPARATHYROIDISM

Hypoparathyroidism is a severe abnormality of calcium and phosphate homeostasis
characterized by low PTH levels despite hypocalcemia (15, 202). Some hypoparathy-
roidism forms are associated with activating mutations in the calcium-sensing receptor
gene (98, 164). For our simulations, we reduced the PTH synthesis rate such that PTH
levels drop by 50%. We observe a drop in calcium and decreased bone turnover (Fig.
5.6). Itis worth noting that calcium is very well regulated, and PTH will eventually recover
if the decline in PTH is too steep. Therefore, it is insufficient to lower the production rate
to simulate severe hypoparathyroidism, but one would have to lower all the parathyroid
gland’s adaptation mechanisms. To adjust the model to different CaSR mutations, we
would change the PTH release set-point in equation 4.20 (62).
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Figure 5.6 Simulated hypoparathyroidism. While ionized calcium levels drop, resulting
in hypocalcemia, phosphate levels are only slightly elevated. The number of osteoclasts
and osteoblasts is declining, resulting in significantly reduced bone turnover.
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5.4 BONE MINERAL METABOLISM IN CKD PATIENTS

5.4.1 Loss of kidney function in CKD patients

We simulate progressive renal failure by reducing the GFR to zero over 24 months. We
simulate phosphate removal due to dialysis once the GFR is below 5%. The removal is
a continuous function of plasma phosphate concentration. We assume that the maxi-
mum of phosphate removal during a single hemodialysis session is 25 mmol (64). The
predictions of our model (Fig. 5.7) are in close accordance with the clinical data (136):

e The regulatory system keeps ionized calcium within a narrow range, even under
the gradual kidney function loss. The body can balance impaired calcium absorp-
tion due to impaired calcitriol synthesis and significantly impaired renal calcium
excretion with the help of the bone and CaHPQO, formation remarkably well.

e PTH concentrations are rising due to rising phosphate concentrations, declining
calcitriol concentrations, and impaired kidney clearance, eventually resulting in
secondary hyperparathyroidism.

e Phosphate rises continuously due to impaired kidney clearance. Rising PTH levels
at the onset of CKD results in higher renal phosphate clearance. With declining
kidney function, phosphate removal is impaired and, therefore, the influence of
PTH on renal phosphate excretion is of less importance. The slope of phosphate’s
progression changes once we start to simulate hemodialysis.

e The reduced kidney function and rising phosphate concentrations, resulting in a
declining calcitriol concentration. PTH would enhance the synthesis of calcitriol in
healthy kidneys.

e The numbers of osteoclasts and osteoblasts are rising, resulting in enhanced bone
turnover. Since the number of osteoclasts rises more prominently than the number
of osteoblasts, the model correctly predicts bone resorption (155, 171).

e The risk for vascular calcification, which is hypothesized to be reflected by non-
solvable CaHPOQOy, rises continuously with the onset of hemodialysis.

5.4.2 Hypocalcemia and recovery during cinacalcet treatment

In the section before, we simulate progressive renal failure by reducing the GFR to zero
over 24 months. We simulate phosphate removal due to dialysis as a constant once the
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Figure 5.7 Simulated progressive renal insufficiency mimicked by the decline in GFR
from a healthy state to zero within 24 months. The horizontal line indicates the start of
hemodialysis. We predict a decline of calcitriol levels with declining GFR, rising phos-
phate levels with declining GFR, and quasi constant calcium levels with declining GFR.
PTH is rising with declining kidney function. Bone turnover is elevated with significantly
more bone resorption than formation.
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GFR is below 5%. However, this time we start to reduce PTH after 2 years of hemodial-
ysis mimicking the administration of cinacalcet for 12 weeks. In accordance to clinical
studies, we observe a decline in calcium and phosphate due to reduced bone resorp-
tion and increasing bone formation (Fig. 5.8). Calcium and phosphate both recover after
around 10 weeks (19, 21, 154). The same results would be predicted when simulating
the hungry bone syndrome after parathyroidectomy in patients with severe primary or
secondary hyperparathyroidism (26, 81). Due to the decline in PTH, bone resorption is
reduced while bone formation is increased resulting in a net flux from the plasma to the
bone compartment.

5.4.3 Phosphate reduced diet in the onset of CKD

In the section before, we simulate progressive renal failure by reducing the GFR to zero
over 24 months. We simulate phosphate removal due to dialysis as a constant once
the GFR is below 5%. However, this time we radically adjust the phosphate diet with
the glomerular filtration rate. When GFR is close to zero, the daily phosphate intake is
halved. PTH increases moderately due to impaired renal clearance, calcitriol declines
due to impaired synthesis. However, due to the adaption of the phosphate diet, PTH is
rising only slightly. Bone turnover increases slightly. Again, osteoclasts are more ele-
vated than osteoclasts. However, the difference between the two is significantly smaller
in the phosphate adjusted diet than in the regular diet (Fig. 5.9). A factor of approx-
imately 5.65 reduces the risk for vascular calcification associated with the amount of
non-solvable CaHPO4. While the dietary change is extreme, it shows the potential of
life-style changes in CKD patients. Moreover, it reflects clinical results where dialysis
vintage and hyperphosphatemia, particularly combined with hypercalcemia, is a signifi-
cant risk factor for vascular calcification (50, 220).
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Figure 5.8 Simulated progressive renal insufficiency mimicked by the decline in GFR
healthy state to zero within 24 months. The first horizontal line indicates the start of
hemodialysis, the second horizontal line indicates the start of cinacalcet treatment. We
predict a decline of calcitriol levels with declining GFR, rising phosphate levels with de-
clining GFR and quasi constant calcium levels with declining GFR. PTH is rising with
declining kidney function. Bone turnover is elevated with significantly more bone resorp-

tion than formation.
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Figure 5.9 Simulated decrease of phosphate intake in response to impaired kidney func-
tion. Phosphate is well controlled. While osteoclasts are still rising due to PTH’s im-
paired clearance, the increase is significantly smaller compared to a regular phosphate

diet (Fig. 5.7).
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6 Discussion

Disorders of mineral and bone metabolism (CKD-MBD) affect most CKD patients, which
make up for around 14% of the world’s population (63). CKD-MBD is diagnosed by the
manifestation of one or a combination of the following (155):

e Abnormalities in bone turnover, bone mineralization, bone volume
¢ Abnormalities of Ca?*, phosphate, PTH or calcitriol concentrations
e Soft tissue calcification

CKD-MBD evolves due to an imbalance in the complex regulatory system, which en-
sures calcium and phosphate homeostasis. This regulatory system is highly complex
and multidimensional and involves many hormones and ions and their actions on the
kidney, bone, intestine, and parathyroid gland. Due to impaired kidney function, the
equilibrium between mineral and endocrine functions comes off balance, triggering a
cascade of (patho) physiological reactions. As a result, bone abnormalities are found in
the vast majority of end-stage renal disease patients (155, 171). Moreover, there is an
association between mineral metabolism disorders and fractures, vascular calcification,
and mortality (155).

Due to the complexity of CKD-MBD, mathematical models might provide a helpful
tool to study the mechanisms resulting in CKD-MBD and find the optimal treatment strat-
egy that is not straight forward due to the coupling of the regulatory effects. For exam-
ple, secondary hyperparathyroidism could be treated with calcitriol. However, calcitriol
enhances intestinal phosphate (and calcium) absorption, and rising phosphate could
depending on the state of the parathyroid gland, result in rising PTH concentrations.

Mathematical models developed in the last 60 years were applied to gain insight into
the complex regulation of calcium and phosphate homeostasis. One example would be
the sub-model predicting PTH release as a function of Ca?*plasma concentration. In
1983, Brown published a simple 4-parameter model that captured the sigmoidal re-
sponse of PTH to Ca?‘changes (32).The four parameters where the maximum and
minimum PTH release rate, the set-point (i.e., the calcium concentration causing half-
maximal PTH secretion), and the slope of the curve at the set-point. This simple model
was used in the following years to analyze experimental and clinical results. Experiments
involving subsequent cycles of hypocalcemia, normocalcemia, and hypercalcemia re-
vealed a hysteresis effect in PTH release (196). This effect can be correctly predicted
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by two coupled ordinary differential equations allowing to take PTH storage into account
(157, 203).

Today we know that parathyroid gland biology is complex. PTG adaptation mech-
anisms work on significantly different timelines, and the state of the system is history-
dependent. To capture PTG biology, one must employ a more sophisticated model
allowing for responses within seconds in the case of acute hypocalcemia and long-term
adaptations, which might even result in hyperplasia. However, most models captur-
ing PTH dynamics under different conditions are still based on the classic 4-parameter
model (32).

This thesis’s main goal was to build a mathematical model of mineral and bone
metabolism in patients with end-stage renal disease. However, we refrained from build-
ing a phenomenological model of CKD-MBD, which would allow mimicking CKD-MBD
but would not provide any insight into CKD-MBD’s driving mechanisms. The model
should instead translate the regulatory system of calcium and phosphate homeostasis’s
critical physiological properties into mathematical models. This approach allowed us to
assess the integrated model of mineral and bone metabolism regarding its predictive
value in different scenarios.

Previously published models of calcium and phosphate homeostasis and bone turnover
had some shortcomings or were not appropriate for our aim. Nevertheless, they have
been beneficial in building our model (85, 133, 174, 181, 182). In this thesis, we tried
to find the right balance between simplifying physiological and pathophysiological prop-
erties and the complexity of the model. Oversimplified models might not be complex
enough to capture the critical physiological properties of the regulators. Oversimplifica-
tion resulting in non-physiological predictions were, for instance, present in (174), where
primary hyperparathyroidism would imply hyperphosphatemia due to missing regulatory
effects of renal phosphate excretion and reabsorption. Another example would be the
simple linear relationship between intracellular and extracellular phosphate concentra-
tions (85, 133, 174, 181). This simplification neither allows us to predict the non-linear
behavior of phosphate plasma concentration as a response to linear phosphate removal
during a single hemodialysis session nor the phosphate buffer capacity of cells.

On the other hand, models should only be as complex as necessary to capture the
key features. Otherwise, it might prove impossible to identify parameters or simulate, for
instance, the slow progression of chronic kidney disease and the development of CKD-
MBD, which will take several years. In (85), the authors presented a comprehensive
model of calcium and phosphate homeostasis, including FGF-23, calcium-protein bind-
ing, and phosphate binding to different ions. However, the trade-off for the complexity in
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calcium and phosphate species and an additional regulator is the black box model for the
bone and a simple two-compartment model for the parathyroid gland. For our purpose,
we omitted FGF-23 as discussed in the introduction and different phosphate species
and calcium-protein binding for the sake of a sophisticated PTG and bone model. The
model’s complexity also has a cost regarding the interpretation of the results and the
model adaption to different situations. In (174), the authors introduced a complex model
of two species of osteoblasts. The main result regarding the anabolic effect of intermit-
tently administered PTH and the catabolic effect of continuously elevated PTH levels on
bone are flawless. However, the two species and the corresponding model equations
are not interpretable in a physiological sense.
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6.1 BENEFITS OF THE NOVEL MODEL

Our model translates key properties of the regulatory system of calcium and phosphate
homeostasis into mathematical equations allowing the study of various disturbances. In
contrast to phenomenological models, we can study the mechanisms underlying CKD-
MBD development since the only input parameter of importance is the kidney function.
We assume that the glomerular filtration rate reflects kidney function.

Our model of bone mineral metabolisms employed a detailed model of parathyroid
gland biology and bone turnover. Most calcium and phosphate homeostasis models
represent the parathyroid gland (85, 133, 174) as well as the bone (85, 182) as black
box compartments. Here, we employed a sophisticated parathyroid gland biology model
based on the expression of the calcium-sensing receptor. The main challenge for a
mathematical model of PTG biology is the history dependence of the parathyroid gland’s
state.

Our PTG model is based on the CaSR and VDR expression and takes the history
of a disturbance in calcium and phosphate homeostasis into account. It can address
the evolution of PTG physiology and pathophysiology over several time scales, rang-
ing from seconds to month. Evolution mechanisms involve enhanced PTH synthesis
and PTH mRNA stability or increased PTG proliferation rate. We can accurately predict
secondary hyperparathyroidism in patients suffering from chronic kidney disease. We
also aimed at developing a mathematical model that can be adapted to mutations of the
CaSR and VDR. These predictions could be employed to predict experimental results in
knock-out models, for instance. Due to the structure of the PTG model, these adapta-
tions are straight forward. Since the model is based on the CaSR expression, it can be
coupled with a pharmacodynamics/pharmacokinetics model of calcimimetics or calcitic,
which act as antagonists at the CaSR, thereby increasing PTH release. In combination
with a cinacalcet six-compartment model, we employed the PTG model to perform a
virtual clinical trial. While cinacalcet decreases PTH efficiently and might even lead to
decreased hyperplasia (19, 154), patient adherence is a great challenge. The virtual
clinical trial’s goal was to address whether thrice-weekly observed in-center cinacalcet
intake was non-inferior to daily prescription if real-life patient adherence is taken into
consideration. The three times weekly off-label use of cinacalcet is a convenient way to
administer cinacalcet in-center after each hemodialysis session. The new administration
scheme has found its way into clinical practice. Currently, we are evaluating the results
of this treatment scheme in two large U.S. hemodialysis patient populations.

The model of bone resorption and formation is detailed as well. We take several

117



regulatory mechanisms into account. While these regulation mechanisms where already
part in previous models of calcium and phosphate homeostasis (45, 174), we simplified
the description of osteoblast apoptosis and differentiation. Moreover, we corrected the
regulation of osteoclasts activation and introduced calcitriol as a stimulating factor for
the release of RANKL (121, 161, 227). While there are markers for bone resorption and
bone formation, the model provides insight into the dynamics of parameters not readily
available to clinicians such as RANK-RANKL-OPG.

Other sub-models, such as intestinal calcium and phosphate absorption, are highly
simplified models. However, they are complex enough to capture the main physiological
features such as paracellular and transcellular transport in the intestine and the regu-
lation of the transcellular transport by calcitriol. The same is true for renal calcium and
phosphate excretion, where we take the regulatory effects of PTH, calcitriol as well as
calcium and phosphate themselves into account.

Whereas most calcium and phosphate homeostasis models take a linear relation-
ship between intracellular and extracellular phosphate concentrations into account, we
introduced a physiology-based model involving active transport into the cells, the buffer
capacity of the cells as well as an emergency mechanism in case of pathologically low
plasma phosphate concentrations. This model is a significant step towards a unified
model of mineral and bone metabolism as it can accurately predict the phosphate buffer
capacity of cells and phosphate plasma concentrations as a response to phosphate
removal during a hemodialysis session. While other sophisticated models aimed at pre-
dicting this behavior (see (128) for a comprehensive review), we translate physiological
properties into our model and refrain from using compartments and mechanisms that
cannot be easily explained.

Wherever possible, we provided sub-model validations allowing us to adjust the sub-
models independently from the integrated mineral and bone metabolism model. This ap-
proach allows us to study primary regulators separately and ensure that we do not overfit
the integrated model’s model parameters. Since calcium and phosphate homeostasis is
tightly regulated, many unknown parameters can be estimated from small disturbances
and homeostasis restoration.

Finally, the model could allow personalized treatment strategies based on the parathy-
roid gland’s state, the sensitivity of the calcium-sensing receptor. An example could be
the administration of calcimimetics. If the CaSR sensitivity is significantly reduced, the
patients might not be susceptible to cinacalcet treatment. On the other hand, we can
use the model to estimate how early in CKD progression we should start with the ad-
ministration of calcimimetics even combined with calcitriol therapy and dietary changes
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to slow down the development of CKD-MBD. The state of the parathyroid gland can be
estimated, for instance, from a calcium mass balance study during single hemodialysis
with a dialyzate with 1.75 mMol calcium (175).
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6.2 LIMITATIONS

There are certain limitations of our model approach we have to discuss. The main lim-
itation is that we do not take calcium-protein binding explicitly into account. Calcium
in the extracellular fluid comes in three flavors: ionized, which is biologically essential,
complexed to anions such as phosphate, or protein-bound and, therefore, not filterable
by the kidneys. The main part of protein-bound calcium is bound to albumin. As a gen-
eral rule, 1 g/dl albumin binds about 0.2 mMol of calcium. Calcium-albumin binding is
affected by the pH. Lower pH results in decreased protein binding and, therefore, in-
creased ionized calcium concentration. If pH decreases by 0.1 pH, ionized calcium will
rise by about 0.05 mMol (36). Poor diet, proteinuria, liver disease, or inflammation may
cause albumin deficiency and shifted ratios between ionized and total calcium concen-
tration. During hemodialysis, bicarbonate replacement often corrects metabolic acido-
sis. Therefore, if we attempt to couple the integrated model with a previously published
calcium mass transfer model during hemodialysis (146), we need to introduce albumin
and bicarbonate to the model. To this extent, one could also think about separating
interstitial fluid and plasma in different compartments.

Another limitation is that we did not introduce FGF-23 in the model. Since we were
interested in patients receiving maintenance hemodialysis, the regulatory effect of FGF-
23 was of less importance for this thesis, as discussed in the Introduction. However,
FGF-23 might be critical when studying calcium and phosphate homeostasis in healthy
subjects.

Finally, there are general limitations to mathematical modeling. Besides the trade-
off between simplification and complexity, we can only model known regulators and cali-
brate the model based on physiological assumptions. It is very well possible that regula-
tors that are unknown today play an essential role in calcium and phosphate homeosta-
sis. For instance, FGF-23 has only been discovered in 2000 and has gained significant
attention as a regulator of phosphate homeostasis.
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6.3 NEXT STEPS AND CONCLUSION

Besides the inclusion of albumin and albumin-calcium binding in mathematical modeling,
another promising next step would be to include calcium-phosphate precipitation in the
kidneys to predict kidney stone formation. To this extent, a structural kidney model could
be useful. In (23), the authors introduced a detailed model of renal calcium reabsorption
across single cells. A similar detailed model would allow to include CaHPQO4 explicitly in
the renal model.

The present model can study the effect of different medications, such as calcitriol
therapy or long-term dietary changes. It was, for example, used to study the effect of a
low phosphate diet on the development of CKD-MBD. Future studies would involve mu-
tations of the calcium-sensing receptors allowing individualized therapy of hemodialysis
patients (98, 164).

Finally, the point of no return for continuous mineralization of vascular tissue should
be confirmed in more experimental setups. experimentally, for example, on the tissue
level. Specifically, vascular calcification could be induced in human vascular smooth
muscle cells by elevated phosphate levels. Once vascular calcification is measurable,
normophosphatemia is induced, and ongoing calcification deposition (i.e., calcium- phos-
phate content in the smooth muscle cells) is monitored. This experimental setup would
also determine the time point of the proposed point of no return for calcium and phos-
phate precipitation by analyzing the critical time after which the switch from hyperphos-
phatemia to normophosphatemia does not induce calcification deposition.

In conclusion, this work allowed us to elucidate the mechanism which results in
chronic kidney disease mineral and bone metabolism disorder. Furthermore, it allowed
us to introduce a new hypothesis regarding calcium-phosphate precipitation, which could
be tested in future research. Bone mineral metabolism is highly complex, and we hope
that the mathematical model of calcium and phosphate homeostasis presented in this
thesis might serve for future work in this field.
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Appendix

SENSITIVITY GRAPHS FOR INTRACELLULAR-EXTRACELLULAR PHOS-

PHATE

The corresponding parameters are either multiplied by 2 or 0.5. Here, we were in-
terested in the effect of changes in the parameters on the long-term predictions. We
simulate the loss of kidney function and hemodialysis as soon as the GFR is below 5%

of the healthy GFR.
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Figure 6.1 Red lines: Parameter ap is multiplied by 0.5, black lines: standard parame-
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Figure 6.19 Red lines: copp is multiplied by 0.5, black lines: standard parameters.
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Figure 6.21 Red lines: cp 4 is multiplied by 0.5, black lines: standard parameters.
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Figure 6.22 Red lines: cp.; 4 is multiplied
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Figure 6.23 Red lines: 7,,,. is multiplied by 0.5, black lines: standard parameters.
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Figure 6.24 Red lines: 7, is multiplied
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Figure 6.25 Red lines: £, is multiplied by 0.5, black lines: standard parameters.
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Figure 6.26 Red lines: k£, is multiplied by two, black lines: standard parameters.
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Figure 6.27 Red lines: «,,. is multiplied by 0.5, black lines: standard parameters.
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Figure 6.28 Red lines: «,,, is multiplied by two, black lines: standard parameters.
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Figure 6.29 Red lines: b,,.(2) is multiplied by 0.5, black lines: standard parameters.
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Figure 6.30 Red lines: b,,,.(2) is multiplied by two, black lines: standard parameters.
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