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Abstract

Myocardial fibrosis is associated with cardiac arrhythmias, its texture influences their
incidence. An automated classification system could act as a supporting system for
pathologists and help them diagnosing different fibrotic patterns. For that reason an
image analysis method for an automated classification of different types of fibrosis
in histological images is highly desirable. Fractal analysis quantifies the morphology
in images, hence it is a promising approach for the development of such a system.
Since medical, especially histological images often have very high resolutions, it is of
high relevance to improve existing fractal methods and to develop new approaches for
providing fast and accurate results based on these large amounts of data.

For fractal dimension estimation of grey value images, three new pyramidal approaches
were developed, namely the Pyramid Triangular Prism Method (PTPM), the Pyramid
Gradient Method (PGM), and the Pyramid Differences Method (PDM). By using artifi-
cially created images the new methods were compared to five standard, non-pyramidal
approaches. All new pyramidal methods yielded reasonable values for the fractal di-
mension D in rather fast computational times. Best results were obtained with the
PDM, having a high agreement with theoretical D values and fastest computational
times.

Based on the new methods, classification algorithms were developed to automatically
assign images to five different types of fibrosis. Tests on different image sets showed
that the proposed methods resulted in up to 73% correctly (in accordance with human
experts) classified images. Although the accordance between the experts was better
(up to 90%), utilizing fractal analysis for classification of myocardial fibrosis in di-
gital pathology is definitely a promising approach, should be considered in subsequent

developments and may support pathologists in the future.






Kurztassung

Myokardiale Fibrose und deren unterschiedliche Struktur wird mit Auftreten und Ver-
lauf von Herzarrhythmien in Verbindung gebracht. Durch eine automatische Klassifi-
zierung von unterschiedlichen Typen von Fibrose kénnten Pathologen wertvolle Unter-
stiitzung zur Befundung des von ihnen untersuchten Gewebes erhalten. Die fraktale
Analyse stellt einen vielversprechenden Ansatz in diese Richtung dar, da es mit ihr
moglich ist, die in Bildern auftretenden Muster zu quantifizieren. Medizinische Bilder,
insbesondere digitalisierte histologische Schnitte, weisen meist eine sehr hohe Auflésung
auf. Um diese grofen Mengen an Daten in kurzer Zeit mdoglichst exakt auszuwerten,
sind Verbesserungen und Neuentwicklungen fraktaler Methoden notwendig.

Zur Berechnung der fraktalen Dimension D von Grauwertbildern wurden drei neue
fraktale Methoden entwickelt, die Pyramid Triangular Prism Method (PTPM), die
Pyramid Gradient Method (PGM) und die Pyramid Differences Method (PDM). Zu-
sammen mit fiinf weiteren Standardmethoden wurden diese Pyramidenmethoden auf
kiinstlich erzeugte Bilder mit bekannter fraktaler Dimension angewandt. Die Resultate
der neu entwickelten Methoden befinden sich im Bereich der besten Ergebnisse der ge-
testeten Standardmethoden. Von den neu entwickelten Methoden zeigte die PDM die
beste Ubereinstimmung mit den theoretischen Werten und erwies sich als schnellste
aller getesteten Methoden.

Eine darauf aufbauende Methode zur automatischen Klassifizierung von fiinf unter-
schiedlichen Typen von Fibrose resultierte in bis zu 73% korrekt, d.h. in Ubereinstim-
mung mit Experten klassifizierten Bildern. Obwohl die Ubereinstimmung zwischen den
Experten untereinander bis zu 90% betrug, kann daraus geschlossen werden, dass die
fraktale Analyse einen vielversprechenden Ansatz fiir die digitale Pathologie im Bereich
der myokardialen Fibrose darstellt und auch bei zukiinftigen Anwendungen eine Rolle

spielen sollte.
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1. Introduction

In medicine images and imaging techniques have always played an important role to

distinguish between healthy and pathological cases.

Fractal methods use non-Euclidean geometry and have successively been applied to
medical images, solving many medical image diagnoses issues’. Commonly, an al-
gorithm called Boz-Counting Method (BCM) is applied to determine relevant diagnostic
parameters. In 2012 our group showed that there exists also a pyramidal approach for
calculating the Box-Counting Dimension of binary images?. For artificially created im-
ages the results of this so-called Pyramid Method (PM) are identical to results gained
with the Box-Counting algorithm. The outstanding advantage of this new method is
its much faster computational time with equal high quality of the results. Therefore,
this new approach is an important step towards one main aim of digital pathology:

(In-vivo) real-time tissue analysis.

1.1. Motivation

Several groups at the Institute of Biophysics, Medical University of Graz study the
excitation spread in the heart. The experimental group around Ernst Hofer has its main
focus on electrical measurements and a characterization of the region around the inferior
right atrial isthmus®®. A modeling group around Gernot Plank creates different types
of 2D- and 3D-models and helps to understand and interpret the measured data®",
Further research projects should connect the influences of different types and amounts
of fibrosis with electrophysiological parameters. This is of recent interest since fibrosis
is associated with cardiac arrhythmias® and the texture of fibrosis influences their
incidence®?. Particularly, the investigation of local differences at microscopic scales

would be of high interest for the scientific community. Assessing the vulnerability for
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arrhythmias could be possible with a local detection and characterization of fibrosis in
the heart. For that reason an image analysis method for an automated classification
of different types of fibrosis in histological images is highly desirable. Furthermore,
an automated classification system could act as a supporting system for pathologists
and help them diagnosing different fibrotic patterns. Since fractal analysis quantifies
the morphology in images, it is a promising approach for the development of such a

system.

Besides the application of fractal methods it is of high relevance to improve existing
methods and to develop new approaches to tackle new challenges in image analysis.
The most important reason for the need of new fractal algorithms is the fact, that
images, especially in medicine, often have a very high resolution. On one hand this
improves the gainable output of image analysis but on the other hand large amounts

of data have to be handled by the implemented methods.

For the goal of real-time tissue analysis the development of the binary PM was an
important step. However, histological images are usually colour or grey value images.
Hence it is necessary to find an equivalent fast and reliable method suitable for the
task of classifying myocardial fibrosis. As the development of the binary PM showed
and already an early work on fractals'’ suggested, a pyramidal approach could act as

an efficient implementation of such a multiscale method.

1.2. Aim of this Work

The main aims of this work are the finding of the most qualified and fastest methods for
fractal characterization of grey value images and their application on high-resolution

histological images showing myocardial fibrosis.

Based on the results obtained with the binary Pyramid Method it is expected that
also for grey value images pyramidal approaches for determining fractal properties in
digital images fast and reliably exist. The analysis of images having a high pixel count

should be feasible with significantly faster computational times.
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Hypothesis

1. Fractal dimensions of grey value images can be reliably estimated by a pyram-
idal approach. This pyramidal approach has shorter computational times than

standard approaches.

2. The estimated fractal dimension of histological images can be used as a parameter

for a classification of different types of myocardial fibrosis.

1.3. Organisation of this Thesis

This thesis is organized in two main parts.

Part I aims to verify the first hypothesis of this thesis, i.e. to prove that fractal di-
mensions of grey value images can be reliably estimated by a fast pyramidal approach.
Chapter [2] gives a brief introduction into the field of digital images and digital image
processing. The theoretical background of fractals is presented in chapter [3] includ-
ing the definition of the Hausdorff-Besicovitch and the Box-Counting Dimension. In
chapter [4] five well-established algorithms for fractal dimension estimation are presen-
ted together with three new pyramidal methods. Chapter[5]deals with the generation of
artificially created fractal images used for this work. The setup for the chosen empirical

study, the results and the conclusion are presented in the chapters [6] [7, and [8]

In part II the application of image analysis, especially fractal methods to histological
images showing myocardial fibrosis is presented. It aims to verify the second hypothesis
of this thesis, i.e. to prove that the fractal dimension of histological images can be used
as a parameter for a classification of different types of myocardial fibrosis. Chapter [9
shows the medical background together with techniques for the imaging of myocardial
fibrosis. The histological image sets to which the fractal analysis methods were applied
are described in chapter [I0} In chapter [11] the methods for an automated classification
of different types of fibrosis are outlined together with the experimental setup for a
comparison with an inter-observer study. The obtained results as well as the conclusion
are presented in chapters [12] and

In the end, this thesis is concluded in chapter [14] and a brief outlook of possible future
work is given in chapter






Part |I.

Fractal Image Analysis






2. Digital Image Analysis

This chapter gives a brief introduction into image acquisition and describes composi-
tions (pixel values, colour spaces, file formats) of digital images. Details can be found

in fundamental image analysis handbooks, e.g. Burger and Burge™!.

2.1. Image Acquisition

As a prerequisite for all types of image analysis, the image to be analysed has to be
recorded. Most methods for image recording are variations of classical optical cameras,
i.e. pinhole or lens cameras. In pathology often a whole-slide imaging technique (e.g. a
whole slide scanner) is used to scan histological sections at high resolutions. Usually
the so-called perspective transformation is included in this process, i.e. a 3D object
or scene is transformed to 2D coordinates on the image plane. The projected image
on the camera’s image plane is a continuous, time-dependent distribution of energy

originating from the incoming electromagnetic wave (light).

Before an image can be analysed, it has to be brought into an adequate format. When
nowadays computer-assisted algorithms are included, a digital image format is man-
datory. Hence a digital snapshot of the projection on the image plane has to be taken.

This procedure consists of three main steps:
1. spatial sampling of the light distribution to obtain a spatially discrete function

2. temporal sampling of the discrete function to create a single, temporally con-

stant image

3. quantization of the resulting values to a finite set which is representable with

a computer
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Spatial sampling is dictated by the geometry of the acquisition device, usually sensor
elements with rectangular shapes are used, but also other shapes (e.g. hexagonal or
circular) exist. Temporal sampling is achieved by measuring the energy of the incident
light at regular intervals, e.g. with a CCD (charge-coupled device) chip in a digital
camera. The obtained analog values are quantized (e.g. with an analog-to-digital con-
verter) by using a defined range of values (usually integer) and stored as a digital image
for further usage. The extent of this scale is chosen with having in mind the accuracy

necessary for further processing.

2.2. Digital Images

As an outcome of the image acquisition described above, a standard digital image has
the form of an ordered, two-dimensional matrix I(x,y) of integer values. (z,y) € Nx N
are the coordinates of the pixel values p, p € P where P is the range of pixel values.

Mathematically, a digital image I is a mapping
I:NxN=P, (x,y) — p. (2.1)

Due to the finite size of images,  and y have upper borders, where the maximum value
of x is denoted as image width, the maximum value of y as image height. Attention has
to be paid to the orientation of the y-coordinate: The origin of an image is in the upper
left corner, i.e. in contrast to standard mathematical conventions the y-coordinate runs

from top to bottom™..

2.2.1. Pixel Values

Pixel values of digital images are typically binary words of length k. Hence a pixel can
possess 2 different values. k is also referred to as bit depth of an image. The following

image types are common in digital image analysis™"

e Binary Images are a special case of intensity images with £ = 1. Each pixel can
have a value of 0 (black) and 1 (white).

e Intensity or Greyscale (Grey Value) Images have typical bit depths of
k = 8 — 16 bits, hence from 256 up to 65536 different values for the intensity of

each pixel.
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e Colour Images have typical bit depths of 24-42 bits. Usually three (RGB =
red, green, blue) or four (CMYK = cyan, magenta, yellow, black) channels are

used for each pixel, representing intensity values for the different channels of the
underlying colour model (see section [2.2.2]).

In image analysis, the starting point is mostly a colour image, which is often converted
into a grey value image or a binary image (e.g. by using segmentation algorithms)
before further analysis. The conversion of a colour image to a grey value image can be
done in different ways. The most common way is to use the luminance, e.g. for an RGB
image using the mean of the three colour values as a new single grey value for each
pixel. However, the human perception is different for red, green and blue. So another

way is to use a weighted sum of the colour components as the new grey value Y
Y = wRR + w(;G + wBB (2.2)

The most popular weights used have their origin in television and are wg = 0.299,
wg = 0.587 and wg = 0.114, for digital colour encoding wr = 0.2125, wg = 0.7154

and wg = 0.072 are recommended™,

2.2.2. Colour Model

An abstract mathematical colour model describes how colours can be represented (e.g.
by tuples of numbers). Together with a mapping function it gives a colour space, which
describes a specific organization of colours and is used for reproducible representations
of colours. Due to its occurrence in most imaging devices of electronic systems, the
most popular is the RGB model, in which the colours red (R), green (G) and blue (B)
are added together in variable amounts to obtain different colours. A colour space of
high importance is CIE L*a*b* (CIE LAB). It is based on all colours visible by the
human eye and acts as a device-independent reference model. CIE L*a*b* describes
colours based on lightness (L*), values for nuances between green and magenta (a*),

and between blue and yellow (b*).

2.2.3. Image File Formats

In image analysis, images are usually considered as two-dimensional arrays, which are

ready to be accessed by a program. They are handled in digital form, typically as files,
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which are essential for storing, archiving and exchanging. A wide range of file formats
for images exist and usually the developer or user decides which one is the best for a

specific application.

Throughout this work only raster images were used, which consist of pixel values
arranged in a regular matrix, in which the row and column of the pixel value give the
pixel coordinates. Raster images are in contrast to vector images, which use data of
geometric objects to store information and are only rasterized once they need to be

displayed™L.

2.2.3.1. JPEG File Interchange Format (JFIF)

Although often the term JPEG file is used, JPEG (Joint Photographic Experts Group)*
is actually just a compression method for image data. In most of the cases the term
JPEG file refers to the JPEG File Interchange Format (JFIF), which was developed
by Eric Hamilton and the Independent JPEG Group (IJG)". In the most important
part of the JPEG codec, the image is split into blocks of 8 x 8 pixels. Thereafter, the
discrete cosine transformation is used to convert the image to frequency space, in which
the 64 spectral coefficients of each block are quantized by using a pre-defined table.
The size of this table determines the ratio of compression. Disadvantages of this lossy
compression are the artifacts caused by the pixel blocks, the presentation of abrupt
changes within the image (e.g. in images showing line art) and its limitation to 8-bit

(per channel) images™!.

2.2.3.2. JPEG-2000

To get rid of the known disadvantages of the traditional JPEG codec, as an improve-
ment the JPEG-2000 codec was established. The most valuable innovations are the use
of 64 x 64 pixel blocks instead of 8 x 8 pixel blocks and the usage of the wavelet trans-
form instead of the discrete cosine transform"™. The digital slide scanners of Aperio,
which were used to record histological sections for this work, are able to save the scans
with this JPEG-2000 compression (see SVS-Files below).
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2.2.3.3. Tagged Image File Format (TIFF)

An often used file format during the work for this project was the Tagged Image File
Format (TIFF), which is known to be a very flexible, widely used format. A range of
true colour, indexed, grayscale images or even more specialized image types (e.g. images
with floating-point elements) are supported by this format. Different colour spaces and
compression methods as e.g. JPEG, LZW (the lossless Lempel-Ziv-Welch algorithm)
or others can be used within this format. A number of variations of an image (e.g.
different sizes) can be stored in a single TIFF-file. The contained images are described

by a header and specific tags within this file.

2.2.3.4. SVS-Files (Aperio)

The proprietary SVS file format was created and is used by the digital pathology
company Aperio. Their products, e.g. the whole-slide-imaging scanner at the Institute
of Pathology in Graz (see section [10.1.2)), create single-file pyramidal tiled TIFF files,
with non-standard metadata and variable compression. Typically Aperios type code 2
or type code 3 are used, which create TIFF files with JPEG compression or JPEG-2000

compression, respectively.

Since a variety of file formats from different companies exist, the OpenSlide project?
provides a C library (including Python and Java bindings, for Matlab see Forsberg'?)

to make these formats easily accessible also from non-proprietary software.

2.3. Digital Image Processing

2.3.1. Histogram Modification

Histograms of images describe, how many times each pixel intensity value occur, i.e.
they are frequency distributions of the intensity values of images. From a histogram,
statistical information (contrast, dynamic range, etc.) but no spatial information can
be extracted. Furthermore, histograms can be systematically modified to change the
appearance of images, to improve the quality, and to make it easier to analyse. For in-
stance, histogram equalization can be used to obtain images having the same intensity

distributions. This procedure is an important preliminary step, when different images
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are compared. A variety of different, more advanced algorithm for histogram equaliz-
ation exist, e.g. adaptive histogram equalization to improve local contrast or contrast
limited adaptive histogram equalization to reduce overamplification of noise. Other tech-
niques exist, e.g. histogram normalization is used to change the range of pixel intensity

values™t.

2.3.2. Interpolation

Several geometric image operations use geometric transformations to link the coordin-
ates of source and destination image points. Pyramidal approaches for fractal dimen-
sion estimation use such operations, especially scaling methods, to create the required
image pyramids. Usually the destination image points do not lie exactly at a source
image point location or at integer coordinates. For instance, when a grey value image
(100%x 100 grey values) with an original size of 100x 100 pixels is reduced by the factor of
2, there are grey values also at positions halfway in between the integer pixel positions
(100 x 100 grey values on a [0,0.5,1,1.5,...,49.5] x [0,0.5,1, 1.5, ...,49.5] grid). But the
resulting image should have a size of 50 x 50 pixels. Different procedures exist to obtain
the desired size without neglecting too much information. Typically not only single but
also the neighbouring pixels of the source image are included in the calculation of the
values of the new image. This procedure is called image resampling or wnterpolation.
The resulting value for the new image point is obtained by a function of the pixels in
its neighbourhood. From a mathematical point of view the ideal resampling function
has to include an infinite number of surrounding image points. However, in practice

there are three common, non-ideal but useful and hence popular techniques:

e Nearest-neighbour resampling or zero-order interpolation is the simplest and fast-

est method. It uses the value of the nearest lattice point for the new pixel value.

e Bilinear interpolation or first-order interpolation uses the four closest points to

interpolate linearly (first rows, then columns) between them.

e Bicubic interpolation uses a 4 X 4 neighbourhood of points and applies a piecewise
polynomial function to them. The bicubic interpolation algorithm used by Matlab
was published by Keys'®. the function used by Java Advanced Imaging (JAT) can

be found in the JAI manual’®.

Bicubic interpolation produces the least artifacts of these techniques, however it is not

clear how the different methods influence fractal dimension estimation algorithms.
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2.3.3. Segmentation

For a successful classification of different types of fibrosis, in a preliminary step fibrosis
in the obtained images has to be detected. Hence it was necessary to quantify the
in the case of fibrosis increased amount of connective tissue in the analysed images.
Therefore, each pixel of an image has to be classified as fibrotic or non-fibrotic. Such a
classification can be achieved by an image segmentation. A broad variety of different

algorithms for segmentation exists.

Often they are based on the fact that image-regions, which belong to the same class,
have related colour values. For instance connective tissue, depending on the staining
technique, may have a major red (Picrosirius Red) or blue (Trichrome) component
in the image. Hence, one aims to separate regions, e.g. by introducing thresholds and
assigning the classes connective/fibrotic tissue or other/non-fibrotic tissue to these re-
gions. The following techniques were tested during the work of this thesis. Their pro-
cedures are briefly described below, details on the more advanced algorithms can be

found in the cited literature.

e The simplest segmentation algorithm is Colour Thresholding. Thresholds for
each colour channel can be set individually to define ranges. Each image pixel is
assigned to one of the two classes: In or out of the given range. For instance, all
pixels having red values between 100 and 200 and blue values between 50 and

100 are assigned to class 1, all others are assigned to class 2.

e The RGB Relative segmentation algorithm uses the intensity values of the three
bands (R, G, B) of an RGB image to calculate a ratio r, e.g. r = R/(R+ G+ B).
This ratio is used as a new value for each pixel and a ratio threshold ry,, e.g.

rin = 0.5 is used to segment an image into two classes.

e k-means Clustering is a popular algorithm that partitions an image into k
clusters. Each pixel belongs to the cluster with the nearest mean value. The
problem of finding the clusters by minimizing within-cluster distances is compu-
tationally difficult but there are efficient algorithms that can find a local optimum

rather quickly. The underlying details were published e.g. by Lloyd™®.

e The more advanced Colour Deconvolution algorithm tries to deconvolute his-
tological images into the parts/tissues that were stained with different dyes. The

colour vectors (defining the individual dyes), which had to be found or guessed
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previously to the application of this procedure, are the most important paramet-
ers for this method. The underlying quite mathematical details can be found in

corresponding literature™”.

All these procedures can be applied to images given in different colour models (RGB,
CIE L*a*b*, ...).



3. Fractals

In the first part of this chapter the question why fractals are useful in biology and espe-
cially in medical image or signal analysis is answered. Furthermore, fractal properties
are outlined and the term Fractal Dimension (D) is introduced from a mathematical
point of view. Since it is one of the most carefully studied definitions, the Hausdorff-
Besicovitch Dimension is presented. Its value is very hard or even impossible to calcu-
late in practice, hence the easier accessible and often used Box-Counting Dimension is
described subsequently. While the approach within this chapter is very theoretical and
mathematical, an application-oriented description of the methods implemented and

used during this work is given in the following chapter [4]

3.1. Why Fractals?

In large parts of the mathematical world everything is describable with the traditional
Euclidean geometry. The objects, which inhabit these parts, can be characterized with
a dimension having an integer value. However, there are these other parts, where this
is not possible anymore. Especially if one looks at objects existing in nature it is quite
hard or nearly impossible to find objects having strictly Euclidean geometry. There had
been times when scientists were afraid of these structures. They had been described as
monstrous, pathological and even psychopathic?’. However, there had been unterrified

pioneers, which investigated these monsters.

In 1981 Paumgartner et al.“Y showed in a pioneering study that the results obtained
from image analysis of subcellular membrane systems seemed to depend on the res-
olution scale used. Their estimations for the surface density of inner mitochondrial
membranes and endoplasmic reticulum increased significantly as the magnification of

their images was increased. This behaviour was explained by a resolution effect, using
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a concept proposed by Benoit B. Mandelbrot??: The concept of fractals. If fractals are
investigated, similar patterns and structures are gained at different scales because finer
shapes are revealed every time the resolution is increased. Together with a non-integer
value for the dimension this is one of the main characteristics of fractals. In his most
popular publication titled The Fractal Geometry of Nature Mandelbrot showed that a

lot of objects with natural origin have fractal characteristics?.

Based on these findings also artificial fractals have been designed. As an example the
performance of fractal antennas for mobile phones has been enhanced during the last
years< 2 Further, challenges in bioengineering are often solved by using fractal geo-
metry. For instance, the design and production of scaffolds for artificial blood vessels
is a burning issue considering the need of the development of artificial cardiovascular
implants“® or supports for neovessel formation and stabilization“’. Nevertheless, invest-
igations of fractal objects of natural origin are highly relevant to understand fractal
characteristics and their role in nature. In most studies dealing with images taken in a
medical context a concept based on non-fractal geometry cannot yield comparable res-
ults, as for example Losa et al.?8 stated in their discussion of a publication concerning
pyramidal cells in the rat somatosensory cortex2?. The importance of scaling laws and
network structures for the understanding of processes of health and disease in medical
research has been outlined very recently®". In addition, fundamental concepts of fractal

geometry applied to microscopy problems were reviewed by Landini®Y,

However, the application of fractal methods has certain requirements on the images
under investigation. The resolution needed when calculating fractal properties as well
as influences of edge detection algorithms were determined and discussed by Ahammer
et al.#233 Therefore, it can be stated that there is a demand for new approaches and
methods in fractal analysis which are able to handle images with a high number of
pixels in acceptable computational times. Improvement of computational times is also
necessary since one future goal of digital pathology is to achieve an in-vivo real-time

characterization of tissue.

3.2. Application of Fractals in Medicine

Inspired by the success of calculus in physics in the last centuries, researchers tried
to make predictions based on differential equations and smooth continuous functions

also in the field of medicine. Despite important findings through this approach they
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realized that the majority of the complex phenomena could not be explained with
analytic functions. Hence it was necessary to establish a calculus of medicine that was
able to describe the ever present complexity and nonlinearity in the human body“?,
Weibel®® investigated the efficiency of fractals in biology and suggested that they are
a design principle of living organisms. Since then nonlinear and fractal approaches

became standard tools for analysing phenomena in physiology and medicine™.

3.2.1. Recent Findings

Lately, it has been shown that fractal analysis applied to the surface of human cervical
epithelial cells yields results which can be used to distinguish between healthy and
cancerous cells®®. A quantification of the microvascularization of human brain tumours
was obtained by checking fractal properties of images showing different angioarchitec-
tures seen in samples of glioblastoma multiforme=®”. It has been shown that neuronal
classification is possible by fractal techniques. Alpha ganglion cells in the rat retinae
were classified by their dendritic branching complexity by applying fractal concepts to
images of the dendritic branching pattern®®. Branching pattern complexity of retinal
vessels was determined with fractal analysis and associated with lacunar stroke sub-
types®?. Very recently, Di Giovanni et al.*” showed that fractal based measurements
are able to determine whether chemotherapy applied on patients with breast tumours
is effective. Liver fibrosis is a disease which has been investigated by fractal methods
very well%™4 Fractal based measurements were able to discriminate the different types
of fibrosis. Furthermore, it was possible to detect changes in the structure of fibrosis

when it had been treated pharmacologically“?.

3.3. Fractal Properties

Fractal objects have specific properties that distinguish them from non-fractal objects.

These properties, namely
e Self-Similarity,
e Scaling Relationship,
e Fractal Dimension, and

e Statistical Properties
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are briefly described below. More details can be found in the literature22=4:40:47,

3.3.1. Self-Similarity

A fractal object is similar to itself at different scales, i.e. it can be split into parts
which look like reduced size copies of the whole object. In contrast to non-fractal ob-
jects, where no new features are revealed when they are magnified, fractal objects reveal
ever finer structures when they are magnified?3%. Two different types of self-similarity
are distinguished. The term geometrical self-similarity is used when the smaller parts
of the object are really exact smaller versions of the whole object.

Typically this is only true for mathematical objects. In nature the smaller pieces of
fractal objects are usually not exact copies, but their statistical properties are geomet-
rically similar, i.e. a quantity /N measured at a certain resolution r; is proportional to

the same quantity measured at an other resolution 7s:
N(rq) = e¢N(ry) (3.1)

with ¢ as a constant of proportionality. This is called statistical self-similarity“’.

3.3.2. Scaling Relationship

Measured properties of a fractal object depend on the resolution used because of the
self-similarity and the ever finer structures revealed with increasing resolution®#. The
relationship between a measured quantity N (e.g. length, surface area, etc.) and the
resolution 7 is called scaling relationship. The so-called power law is the simplest form

of the scaling relationship, which reads
N(r) = cr® (3.2)

with the constants ¢; and c;. A more advanced full form of the scaling relationship is

N(r) = cyreef (1?5(2)) (3.3)

where ¢z denotes a constant and f(x) is a periodic function satisfying f(1 + x) =
f(z)*£. A popular example for a scaling relationship is the measurement of the length

of a coastline with finer and finer scales. Richardson”® found increasing lengths with
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decreasing scales for the coastline of Britain. He obtained an underlying power law
which was used by Mandelbrot in his famous publication How long is the coast of
Britain®. In practice the power law is used to estimate the fractal dimension of an

object under investigation - see also chapter

3.3.3. Fractal Dimension

The dimension of a fractal can be seen as a quantitative measure of the self-similarity
and scaling relationship. It also describes how much of the space is filled up with the
fractal objects. The value of this so-called fractal dimension (D) is usually a fraction
but can also be an integer. There are also other types of dimensions, e.g. the topological
dimension (T) or the embedding dimension (E). T describes how the points of objects
are connected and always has integer values. F gives information about the space in
which the objects are contained, its values are usually integers but can also be fractions.
Compared to T the value of E is typically larger by one*#4’. Summarizing, one can
state that D is a value for how much an object (with a certain T') fills the surrounding

space (with a certain E).

For a more mathematical introduction in the concepts of fractal dimensions see section
or fundamental literature (e.g. Mandelbrot*® or Barnsley“®).

3.3.4. Statistical Properties

Fractal objects have statistical properties that belong to stable distributions, which are
a more general form of the usually used (asymptotically) Gaussian distributions for
non-fractal objects. Hence some properties, e.g. the population mean does not exist for

fractal objects since the sample means do not converge to a limiting value*,

3.4. Fractal Dimensions

A variety of definitions for fractal dimensions exist and although all describe the space
filling characteristics of an object they are slightly different and also yield different
absolute values?”. In the following the simple self-similarity dimension and the more
general form of the Hausdorff-Besicovitch Dimension are described, followed by a math-

ematical introduction of the popular Box-Counting Dimension.
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3.4.1. Self-Similarity Dimension

The Self-Similarity Dimension is the simplest fractal dimension but can be only used
to study geometrically self-similar objects. If the simple form of the power law (see

section [3.3.2))

N(ry) = N(ry)Pss (3.4)

with a measure N and different scales r; and ry holds, the Self-Similarity Dimension is
given by the exponent Dgs*’. However, non-mathematical real world objects typically
are not geometrically but statistically self-similar. Therefore, a more general definition,

e.g. the Hausdorff-Besicovitch Dimension is necessary.

3.4.2. Hausdorff-Besicovitch Measure

The first and most carefully studied definition of a dimension is the Hausdorff- Besicovitch
Dimension Dyg. Thoughts of and correspondences between Cantor and Lebesgue
triggered Carathéodory® to start first developments in the direction of fractal di-
mensions in 1914. Based on this work Hausdorff developed his definition of a fractal
dimension in 1918°Y, In 1929 Besicovitch® extended the theory to its current used form.
For its introduction in this thesis the definition of the Hausdorff measure is obligatory.

Prior to this some definitions are necessary to implement this Hausdorff measure:

3.4.2.1. Diameter of a set
Given a subset U of the n-dimensional Euclidean space 1", where U is not an empty
set, the diameter of U is defined as

|U| = diam(U) = sup{d(z,y) : z,y € U} (3.5)

with a metric d(z,y)"Y. In this definition the Euclidean metric d(z,y) = |r — y| is
inserted:
|U| =sup{|z —y| : z,y € U} (3.6)
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3.4.2.2. Covering of a set

Let S be a subset of the n-dimensional Euclidean space R™ and let {U;} be a finite
or enumerable sequence of sets Uy, Us, ... which consist of points in a way that their
sum includes all points of S. If the diameter of these sets U; is not exceeding ¢, i.e.
S C U2, Ui with 0 < |U;] < 6 for every 4, the sequence {U;} is called a d-covering of
S8,

3.4.2.3. Hausdorff Measure

With the previous definitions it is possible to construct a measure: Let £ be a non-

negative number. For every ¢ a test function

HE(S) = inf {Z \U;|* : {U;} is a 6-covering of S} (3.7)

=1

is defined. Now § is decreased which implicates that the test function HY(S) can only
stay equal or increase since the class of valid coverings of S (see eq. (3.7))) is reduced.
If § is decreased further with § — 0 the test function H¥(S) has a limit

H*(S) = lim HE(S). (3.8)

6—0

This limit, which exists for every subset S of ", can be zero, finite and positive or infin-
ite. This limiting value H*(S), which is defined in eq. is called the k-dimensional
Hausdorff measure of S or more briefly the k-measure of S.22515204
The proof for H*(S) being a measure is not part of this thesis and can be found for
instance in the publications of Hausdorff>! and Besicovitch®2. Interesting to mention
at this point is that for subsets of R” the n-dimensional Hausdorff measure differs from
the n-dimensional Lebesgue measure (which is the common n-dimensional volume) just
by a constant multiple. E.g. H°(.S) is equal to the number of points in S, H*(S) is the
length of a smooth curve in S, H?*(S) = 1 - area(S) if S is a smooth surface and so
forth™*.,
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3.4.2.4. Hausdorff-Besicovitch Dimension

Based on the Hausdorff measure introduced above the definition of the Hausdorff-
Besicovitch Dimension is possible: For any set S C R" , there exists a real number
Dyg > 0 in a way that the Hausdorff measure H*(S) disappears for k > Dyp and is
infinite for £ < Dyg respectively. This Dyg is called the Hausdorff-Besicovitch Dimen-
sion of S. Dyg is also denoted just as the Hausdorff Dimension, as the dimensional
number of S and the set S is said to be an Dyg-dimensional set or briefly Dyg-set,
respectively o204,

Note that the Similarity Dimension of a set equals the Hausdorff-Besicovitch Dimension

if the set is geometrically self-similar?,

In contrast to the mathematical point of view, where Dyg is easy to handle, in practice
it is often impossible to calculate and also very hard to estimate Dyg. Nevertheless, it
is the most important definition of a fractal dimension because of its well investigated

and proofed mathematical foundation.

3.4.3. Box-Counting Dimension

As mentioned before the mathematical well established and proofed Hausdorff-Besicovitch
dimension has the disadvantage of being very hard or even impossible to calculate in
practice. A more practicable method for determining the dimension of a given set is
the so-called Box-Counting method (BCM). This dimension has the advantage to be
mathematically gainable or estimatable relatively simply. Therefore it is the dimension

most often used.

May U be a non-empty and bounded subset of R". We have sets U; of ™ which cover
U and have a maximum diameter of . May Ns(U) denote the smallest number of these

sets. The Box-Counting Dimension D¢ of U is equal to the limit

log(N;(U))

(3.9)
if this limit exists. Its existence is given if the limit inferior (lower Box-Counting Di-
mension Dpo(U)) and the limit superior (upper Box-Counting Dimension Dpg(U))

exist and are equal®?.
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Another mathematical definition of the Box-Counting Dimension of U is discussed
below. It is equivalent to the definition above, but provides a clearer approach to the
common application of the BCM: Again we have U as a non-empty and bounded subset

of }™. Now cubes in the n-dimensional space are considered which have the form

where ky, ko, ..., k, denote integers. We have a number N;(U) of cubes which intersect
U. Every cube of them is a set of diameter d/n, therefore

NiylU) < NY(U). (3.11)

This can be expanded to

log(Nsya(U)) _ _ log(N3(U))
—log(dy/n) — —log(y/n) — log(9)

with the conditions that dy/n < 1, § > 0 and sufficiently small to ensure a positive

(3.12)

—log(d). Also the inequality
N;(U) <3"N;s(U) (3.13)

is valid since 3" cubes of side § contain any sets with diameters of at most J. By taking

the lower and the upper limit § — 0 of equation (3.12]) the inequalities

log(N5(U))

= = log(N3(U))
D <1 — 1
Bc(U) < lims o “log(0) (3.15)

can be derived. The same procedure with equation (3.13)) yields the opposite inequal-
ities: og(NUU))

Dyo(U) 2 li_mgﬁo—b;(d) (3.16)

_ —  log(N{(U

Dpc(U) > lims_ é(l géé))) (3.17)

Thus we have an equation for the upper and the lower Box-Counting Dimension:

log(N5(U))

QBC(U> - ]'i—m(s—)() —10g(5)

(3.18)
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et = i )

Furthermore they are equal which means we have a definition for the Box-Counting

(3.19)

Dimension

log(N;(U))
—log()
which is equivalent to the definition in equation (3.9)) since Ns(U) can be taken to be

the number of cubes of side § that intersect U. This derivation leads to the following

DBc(U> = lim(;_m (320)

conclusion: To determine the Box-Counting Dimension with equation (3.9), the number

of cubes that intersect U can be inserted as N;°3.

In practice it is not always possible to evaluate the limit exactly, therefore an estimation
for the Box-Counting Dimension Dpg of a set U has to be made: Boxes with side
lengths 6 may be drawn. Then it has to be determined, how many boxes are necessary
to include all elements of the set U, which gives the number Ns(U). This is done for
different values of §. Out of the graph of log(Ns(U)) versus —log(é) the slope of a
linear regression line can be calculated, which gives a value for Dpc(U). For further

1.2%) who investigated the characteristics of the Box-Counting

details see e.g. Keller et a
Dimension thoroughly. A more practical approach for an estimation of Dpc as well as

other fractal dimensions is given in chapter

3.5. Fractal Dimension Estimation in Life Sciences

When dealing with fractals in life sciences usually a non-strictly mathematical defini-
tion is used. Since digital images obtained from real life objects do not fulfill the con-
ditions for mathematical fractals (the resolution of digital images is finite), methods

for determining the fractal properties have to be adapted.

Different algorithms were developed during the years and although they differ in their

details, they have basic steps in common for obtaining or estimating the fractal dimen-
TI56.

sion

e Different quantities N(r) of an image are calculated with varying scale size r.

e These quantities are plotted in a double-logarithmic plot versus the scale sizes:
log(N(r)) vs. log(r).
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e A regression line (usually least-squares) is fitted through the plotted data. The
slope of this regression line can be used to obtain an estimation of the fractal

dimension of an image.

The quantities N (r) differ from method to method and mostly act as eponyms for the
different approaches. The most popular ones are Box-Counting Methods, fractional
Brownian motion methods and area measurement methods. Some of these methods
were reviewed by Lopes and Betrouni in 2009*. All methods used for the work of this

thesis are described in the following chapter [4] from a practical point of view.



"Doing the coastlines was always my favourite.
Used to have endless fun doing all the little fiddly bits round fjords."

SLARTIBARTFAST"?



4. Estimation of Fractal

Dimensions

Based on the theoretical background outlined above, this chapter introduces the meth-
ods which were used to verify the first hypothesis proposed in this thesis, which states
that fractal dimensions of grey value images can be reliably estimated by a pyramidal
approach. This pyramidal approach has shorter computational times than standard ap-
proaches. The goal is not to give a fully detailed mathematical, but a comprehensible
description that can be used for an easy implementation of the algorithms in the fa-
voured programming language. Nevertheless, of each method the basic concepts are
outlined together with important properties and possible advantages and disadvant-
ages, respectively. For the verification of the hypothesis an empirical approach was
chosen, hence the introduced methods were tested on artificially created fractal im-
ages. The creation of these images, the setup for the empirical study and the results

are presented in the following chapters.

In the first section, the terms measure and scale are introduced, which are used in every
practical approach for the estimation of fractal dimensions D. The next section covers
the fractal analysis of binary, i.e. black/white images by the popular Box-Counting
and the recently developed Pyramid Method. Thereafter, the estimation of D for grey
value images is discussed by summarizing current methods and introducing three new

pyramidal algorithms.
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4.1. Common Ground: Image Size, Measures and

Scales

All algorithms in this and subsequent chapters are presented for the special case of an
application to square images of size 2" x 2" with n € N and n > 1. This approach
was chosen for several reasons: First, medical images, especially scans of histological
sections, usually have very high resolutions. Hence subsections with sizes 2" x 2" of
these images can be cut out and used for fractal analysis with little effort. Second,
the implementations of the algorithms were optimized for these image sizes. Hence
differences in results or computational times due to influences from odd sizes were

eliminated.

However, the methods can be adapted for an application to arbitrary rectangular image
sizes, but the evaluation of their performance in this case is beyond the scope of this

work and might be studied in the future.

As mentioned in section all methods estimating fractal dimensions of images have
some steps in common. Each method determines quantities N(r), called the measures
of the method, for varying scales r. Usually the methods depend on the construction of
a power law, which reflects the nonlinear relationship of the measured quantities (see
section . In general this power law reads

N(r) o< cyre2P (4.1)

with constants ¢; and c;. The second variable in the exponent is the value one is
usually looking for, the fractal dimension D. The constants ¢; and ¢, in equation (4.1))
depend on the underlying topological dimension T of the object under investigation

(e.g. 2D-image of a surface: T' = 2) and the type of measure used by the method.

4.1.1. The log-log Plot

To obtain the fractal dimension D, measure-values N(r) for at least two different scales
r must be given. These values are plotted in a double-logarithmic plot (log-log plot)
versus the scales: y = log(N(r)) vs. = log(r). Then a regression line (usually least-
squares) ys; = kgg -+ gy 18 fitted through the plotted data. The slope of this regression

line together with the constants of the underlying power law can be used to estimate
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the fractal dimension of the investigated image. When objects with fractal properties,
i.e. with (statistical) self-similarity are investigated, the log-log plot shows an approx-
imately linear behaviour, at least in a subregion of the plot. Hence the minimal case of
having measures at only two different scales is suboptimal, because no linear character-
istic can be concluded from these two datapoints. Therefore, one aims to find a linear
characteristic of three or more points in the plot. The goodness of the fit is usually

given by the coefficient of determination R?,

21 ZN y?csid
k=1 (N — 1)var(y) (4.2)

with N the number of included data points y, var(y) the variance of y, and yesiq the
residual values (Yresia = |y(z) — yse(2)])-

4.2. Binary Images

Since the development of the binary Pyramid Method was a starting point for the
work on this thesis, this section shows how to estimate fractal dimensions of binary
images. Black and white images have a topological dimension 7" = 1, and therefore they
exhibit fractal dimensions D of 1 < D < 2. In the following two different methods for an
estimation of D are described, namely the Boxz-Counting and the Pyramid Method.

4.2.1. Box-Counting Method

Based on the concepts of the Hausdorff definition of a dimension (see section , the
Boz-Counting Method (BCM) was defined by Russell et al.”® and is the most popular

algorithm in nowadays fractal analyses®*#25l

. The standard approach for estimating
the Box-Counting Dimension (Dpc) of a binary (black/white) two-dimensional image [
uses squares with given side lengths s. Firstly, the image is covered with theses squares.
Then it has to be determined how many of them are necessary to cover all elements
with a specific value (black or white) of the image. This results in a number Ny, which
is the measure of this method. The described procedure is repeated several times for
different sizes of the squares, i.e. different values of s (as schematically depicted in

Figure [4.1al). Out of the double logarithmic graph of log(Ny) vs. log(1/s), the slope of
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the linear fit k) can be estimated, which provides a value for Dy of the binary image
with DBC = —k’ll’46.

The mathematical foundations and characteristics of the BCM are well investigated and
its limitations (binarization, strictly valid only for statistically self-similar sets, box-size
sensitivity) are known®>**®l The BCM is easily implemented and it is used through-
out scientific communities dealing for example with images or signals originating in
diverse medical investigations (e.g. photographs, histological images, optical coherence
tomography, ...)"%0263 Nevertheless, there exist several disadvantages of BCMs, e.g.
the high computational time needed for evaluating the fractal dimension of images with
high pixel count. Further, BCMs have limitations regarding the choice of the box-sizes.
First pointed out by Pickover and Khorasani®® there were studies to find upper and
lower limits for the box sizes and it was shown that the BCMs underestimate the true
values of the fractal dimensions. Disturbance by noise which also leads to lower fractal

dimension values was investigated 7,

4.2.2. Pyramid Method

Recently, the determination of the fractal dimension using a new method has been
developed by our group®®. The approach of the method is the origin of the introduced
names Pyramid Method (PM) for the method itself and Pyramid Dimension Dp for
the fractal dimension value obtained, respectively. It uses image pyramids which are
in fact sequences of identical images but at different sizes. The original image having
the biggest size represents the bottom of the pyramid. The size of this bottom image is
then reduced successively until it is no more than one pixel, which can be thought of as
the top of the pyramid (see Figure for an illustration). For each image size s the
number N, of object pixels is counted, with Ny as the number of object pixels in the
original image. From the double logarithmic graph of log(Ns/Ny) vs. log(s), the slope
of the linear fit k; can be estimated, which provides a value for the fractal dimension
of the binary image with Dp = k; Hence, the PM is derived from the BCM described

above, but uses different images sizes instead of different box sizes?.
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£ || 4

Y

(b) Pyramid Method

Figure 4.1.: Principles of the binary Box-Counting (a) and Pyramid Method (b). Differ-
ent iteration steps (box sizes (a), image sizes (b)) of the methods are shown.
In (a) the green regions indicate boxes contributing to the measure of the cur-
rent scale (i.e. boxes that include at least one non-zero pixel), the blue regions
indicate empty boxes (i.e. boxes in which all pixels are zero). In (b) the green
regions indicate non-zero pixels that contribute to the measure of the current
scale, the blue regions indicate pixels with a value of zero.

4.3. Grey Value Images

For the determination of fractal dimensions of grey value images the algorithms used
for binary images have to be adapted or new methods have to be found. Usually the
grey value of a pixel within a two-dimensional image having position (z,y) is taken
as the z-coordinate. Thus, images are represented by a surface in three-dimensional
space, actually having a topological dimension of 7' = 2 and a fractal dimension D
fulfilling 2 < D < 3. In the following, different methods for an estimation of D are
described. In addition to already published methods based on Box-Counting (Differ-
ential Boz-Counting Method, Improved Differential Boz-Counting Method), frequency
analysis (Fourier Method), direct differences (Higuchi 2D Method), and surface area es-
timation (Minkowski Blanket Method, Triangular Prism Method), three new pyramidal
algorithms (Pyramid Triangular Prism, Pyramid Gradient, and Pyramid Differences
Method) are presented.

4.3.1. Box-Counting Methods

Boz-Counting Methods (BCMs) are the most widely used approaches for estimating the

fractal dimension of images??. Hence they usually act as a baseline when new methods
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are introduced or different methods are compared. Their mathematical background was
outlined in section of this work.

The most simple implementation of the BCM covers the three-dimensional space with
boxes having a given side length. At every horizontal position the number of boxes
containing the signal is counted and afterwards summed up over all positions, this is
repeated for different box sizes. Based on these sums and the side lengths of the boxes,
the fractal dimension can be estimated. Although this approach has the advantage of
being really simple, different and better alternatives for calculating the Box-Counting
Dimension exist. Two of the most often used and best performing approaches were

implemented for this work and are outlined in the following.

Differential Box-Counting Method

The Differential Box-Counting Method (DBCM) has been proposed by Sarkar and
Chaudhuri®*™® and tested extensively™, For this method an image I of size M x M
is partitioned into tiles of size s X s. On every tile ¢ there is a box-column with boxes
of size s x s x &, with ¢ fulfilling G/s' = M/s. G denotes the number of grey values
in the image. Let the minimum grey value of the image in tile ¢ fall in box number [

and the maximum in k. The contribution n,; of the ith tile is defined as

As a measure in this method, for every s the sum Nj is calculated by summing up over
all tiles

Ns = Zns,i- (44)

For the scaling variable r = s/M is used. Figure illustrates the procedure of the
DBCM.

The fractal dimension Dppc is estimated from the slope k; of the linear fit of log(Ny)
versus log(1/r) with Dppc = k™.

Improved Differential Box-Counting Method

Several works suggested improvements of the DBCM™ which were summarized,
extended and tested by Li et al.™ in 2009. They proposed three modifications of the
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classical DBCM approach described above. The starting point is the same as above, an
image of size M x M which is partitioned into tiles of size s x s. In the first modification,

the box height s’ which is usually calculated with the relation G/s' = M/s, is replaced

/
improve

with a box height s 4 given by

’ S
improved ~ 1+ ao

S

(4.5)

with o the standard deviation of all grey values the investigated image. a denotes a
positive integer which can be optimized with artificially created fractal images with
known fractal dimensions. a = 3 was found to be an appropriate choice™. For the
second modification, the box number is now determined by calculating the difference
between maximum grey value k£ and minimum grey value [ in every tile ¢ first. Then

the number of boxes necessary to include this range is obtained with

improved ceil (s’ At ) ) k 7& l
n = .

! improved
8,1

1, k=1

(4.6)

This part of the improvement is also known as Relative Differential Box-Counting
Method™ (see Figure [£.2D). Again the sum over all tiles is taken as the measure N,
with

N;mproved _ Z nimproved' ( 4.7)

EX)
i

For the third modification, also known as Scanning or Shifting DBCM™, spatially

adjacent tiles overlap at their boundary by one row, i.e. the pixels at the boundary of

improved
EX)

the boxes may contribute to n of more than one tile 7. An overlap of more than

one pixel is possible, however, the overlap of one pixel was found to be the optimum

choice™. Due to this overlap, 7 = s — 1 is used as the scaling variable of this method.
improved

The fractal dimension Dpp~ is estimated from the slope % of the linear fit of

log( Nimproved) versus log(1/7) with Dpbieved = J78,

4.3.2. Fourier Method

A widely used approach for an estimation of D is frequency analysis™ ™, Usually this

is implemented computationally by transforming an image I(x) into frequency space
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Am B A0 Bm
Box 2
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(a) Standard DBCM (b) Relative DBCM

Figure 4.2.: Principles of the standard Differential Box-Counting Method (DBCM) (a) and
the Relative DBCM (b) which is a part of the Improved DBCM. The example
shows one tile with a scale s = 2, i.e. four pixels values (points A,B,C,D) are
included. In this example the standard DBCM counts two boxes (points A,B,D
are in Box 2, point C is in Box 3) for this tile, while the Relative DBCM
counts only one box, since all four grey values can be included in a single box.

(k-space) with the (discrete) Fast Fourier Transformation (FFT)
(k) = F(I(x)), (4.8)

k = (k;, k). For that reason this method is often referred to as Fourier Method or
FFT Method. The result in k-space I(k) is used to calculate the power spectrum P (k)
with

P(k) = [I(K)[* (4.9)

The usual behaviour of the power spectrum is
P(k) = ck|™? (4.10)

with a constant c¢. Hence the exponent 8 can be found by analysing the power spectrum

1) as a function of the distance in k-space Ak = | /(k2 + k2). The fractal dimension

Dr is estimated from the slope k; of the linear fit of log(P(k)) versus log(Ak) with“#&!
_8—IA|

Dp==—5—. (4.11)




4.3. Grey Value Images 35

4.3.3. 2D Higuchi Method

For the first time the principle of the Higuchi Method was proposed for an efficient
estimation of D of one-dimensional data streams®. Recently, these ideas were extended
to pseudo 2D®% and real 2D%%4 methods. Ahammer et al.®* showed that several ap-
proaches for a 2D implementation yield satisfying results without significant differences.
Hence one of them was chosen and implemented for the work of this thesis, namely the
K-fold Differences Method, referred to as 2D Higuchi Method (HM) throughout this
work. This method is based on the calculation of so-called difference areas. Let I be
a digital image with size N x N and grey values z(x,y). A difference area is defined
as the grey value difference multiplied with the distance of two neighbouring points.
Contributions from areas created by pairs of four adjacent data points are summed up.

These points are are given by

z(n + ik, m + jk)

z U :z(n+ [i — 1]k, m + jk) (4.12)
= z2(n+ik,m+ [ — 1]k)
zkl] =2+ [ = 1k,m+[j — 1]k)

where k is the step width (scale) and n = [1,2, ..., k], m = [1,2, ..., k] denote the offset.

All four created areas are summed up with

Ay (k) = Z Z |Z - Zf—l,j—ﬂk + ‘szg - Zf—l,j’k+ (4.13)

=1 j=1

+ ’sz,j—l - sz—l,j—l‘k + |szg - sz,j—l‘k)

to obtain the whole area A, ,,,(k) for specific values of k, n and m with

N —1)2
Q= T L (4.14)

as the 2D normalization factor. | | denotes the floor function. The upper boundaries
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for the sums are given by

ol

As a measure the mean value of the results for different offsets n, m is determined

with
E k

A(k) = % DY Apm(k). (4.16)

n=1 m=1

The procedure is repeated for different scales k.

The fractal dimension Dy is estimated from the slope kj of the linear fit of log(A(k))
versus log(k) with Dy = —k®.

4.3.4. Minkowski Blanket Method

This technique for determining the surface area was introduced by Peleg™ and based
upon a method for calculating the length of a curve suggested by Mandelbrot?Z, Within
this method a volume is introduced with which the surface is covered, the so-called
blanket. This blanket has a given thickness. With dividing the volume by this thickness
an estimation for the surface area is obtained:

The blanket around a grey value surface (given by a continuous function g(z,y), z,y €
[0,1]) is created out of an upper u.(z,y) and a lower surface b.(z,y) with e > 1. For

every point g(x,y) and all values of e

be(r,y) < g(z,y) < uc(w,y) (4.17)

is fulfilled. Since both u.(x, y) and b.(x, y) are continuous the volume V'(¢) of the blanket

(volume between b, and u.) is computed with

V(e):/o /O(ug(a:,y)—bg(x,y))dxdy (4.18)

The data of grey value surfaces of digital images cannot be continuous, thus u.(z,y)
and b (z,y) are now replaced with discrete functions (ds(k,1), bs(k,1)) with (k,1) €
[N x N],N € N and § € Ny. Starting with 1 (k,1) = bo(k,1) = g(k/N,I/N) the upper
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and lower surface are defined by induction as
ts(k,l) =max < us_q(k, 1) +1, max  Us_1(p,q) (4.19)

and

bs(k,1) =min{ bs_1(k,0) —1, min  bs_1(p,q) p, (4.20)

an illustration is depicted in Figure . In equation (4.18)) the integral can now be

replaced by a sum which leads to

N

V()= > (as(k,1) — bs(k,1)). (4.21)

k=0,1=0

with the prefactor handling the normalization. Dividing the volume by 26 results in

the surface area:

Vi(d
A(d) = % (4.22)
To isolate just features that change from scale 6 — 1 to scale ¢ another definition is
preferred:
Ay = Y= ;/(5 —Y (4.23)

In these equations the factor 2 in the denominator takes the influences of both the
upper and the lower surface into account. Both definitions are identical for an object
of mathematically fractal geometry because its properties does not change with scale.
However, for objects of not strictly mathematically fractal geometry the isolation of
features from smaller scales is mandatory, which is taken into account by the subtrac-
tion of V(0 — 1). Hence definition leads to reasonable values for both nonfractal
and fractal objects. The fractal dimension Dgfjﬁiet is estimated from the slope k; of the

linear fit of log(A(8)) versus log(d) with Dpoc® = =2 — k1085,

Deviations from the standard definition described above are possible: For instance the

regions from which the maximum and minimum values for the upper and lower surfaces
of the blanket are evaluated can be expanded: Definitions (4.24) and (4.25) show the

minimal case where just the four direct neighbours are included"?.

A slightly different approach was chosen by Dubuc et al.®® who calculated upper and
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BS(va)

Figure 4.3.: Principle of the Minkowski Blanket Method. The grey value surface (g(z,y),
green) of the image is covered with an upper (is(x,y), red) and a lower
(bs(x,y), blue) blanket with a distance § from the surface. d5(z,y) and bs(z,y)
are given by equations (4.24) and (4.25).

lower surface with

~Dubuc ~Dubuc ]‘ ~LDubuc
" (k, 1) = max ¢ @ (k1) + 5, wax @ () (4.24)
|(p,g)—(k,1)|<1
and
. . 1 .
by (K, 1) = min b (k, 1) — N Wi b7 (p, q) (4.25)

|(p,@)—(k,D)|<1

where n € N. The volume between them is obtained with

N

1 -
Dubuc — s, Dubuc k1) — bDubuc k.1)). 4.2
T = e k;l:o(u” RO -

To circumvent possible problems due to numerical instabilities of this approach, the
fractal dimension DRIPUC. is estimated from the slope k of the linear fit of log(VPuPu¢(n) /e3)

versus log(1/e,) with DRP = k where ¢, = n/N89,

An important parameter for the Minkowski Blanket Method is the number of blankets
used in the algorithm, because the actual log-log plot is not a strictly linear curve. The
optimum number of blankets depends on the size of the image under investigation.
Hence it has to be found by evaluating results from artificially generated images or
other images with a known fractal dimension. Novianto et al.8% showed this procedure
for a local fractal dimension estimation. They applied the Blanket Method to small
parts of images from the Brodatz dataset® and compared them to results for the

whole images®7.
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4.3.5. Triangular Prism Method

The triangular prism method (TPM) was introduced by Clarke® for the computation
of the fractal dimensions of topographic surfaces in 1986. Although it was used ef-
fectually for several years, e.g. to compute fractal dimensions of images created from
remote-sensing data acquired by the NASA®Y Zhao" showed in 2001 that Clarke’s
algorithm underestimates the fractal dimension. Lam et al.®® modified the algorithm
and improved its outcomes by using the basic equations for the dimension of a fractal
curve. Zhou and Lam® compared this modified TPM with four other fractal dimen-
sion estimators (Isarithm® Variogram®, Probability®®, and Variation Method“") and
showed that together with the Isarithm estimator it outperforms the other techniques.
The algorithm, which uses a relationship between the step size s of a grid and the sur-
face area of triangular prisms defined by the grey values of the image, works as follows:
The investigated image I with size N x N is divided into squares of specific size s x s.
The grey values of the corner pixels of the square act as the z-coordinate of these points.
Then a new point is created in the middle of each base square 7, its z-coordinate is given
by the mean grey value of the corner pixels of the square. Four triangles ¢; j—1 234 are
created with this new middle point and the points at the corners of the prism, their area
given by A(t; ;). In Figure the construction of the triangles is illustrated. The top
surface area A; of each of these prisms i is calculated by summing up the contributions
of all four triangles A; = . A(t; ;). As a measure, the total surface area A is calculated
by summing over all prisms A = ). A;. The fractal dimension Drp is estimated from

the slope k of the linear fit of log(A) versus log(s) with Drp = 2 — k%2,

In 2009 Ju and Lam® presented an improved version of the TPM, namely the Divisor-
Step Method, which was developed especially to calculate local fractal dimension values.
In contrast to the standard implementation, in the divisor-step TPM only step sizes
which are divisors of (W — 1), with W x W the size of the window (subset) of the
original N x M-sized image, are taken into account. Its main advantage is that full
coverage of the investigated window is guaranteed. Other developments of this method
aimed for improved results, e.g. by using different approaches for the calculation of
the surface area”. However, especially in the case of square images the results of the
modified TPM are of equal quality compared to new approaches. Since the rather
small advantages of these improvement, usually only having an effect when analysing
non-square images, are bought by tolerating higher computational times, they were

neglected for this work.
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(a) TPM, Creation of the triangles for s = 2

(b) TPM, Creation of the triangles for s = 4

Figure 4.4.: Concept of the Triangular Prism Method (TPM) for two different iteration
steps, i.e. scales (step sizes) s ((a): s = 2, (b): s = 4). The areas of the four
triangles (blue) created with points A,B,C,D (given) and point E (mean value
of A,B,C,D) are calculated and contribute to the total area A.
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4.3.6. Pyramid Triangular Prism Method

The good results of the TPM™ triggered the development of an improved implement-
ation of this method, namely the Pyramid Triangular Prism Method (PTPM). As in
section [1.3.5]described, for every iteration step, i.e. for every scale s of the TPM, the im-
age I(x) has to be divided into squares of size s x s. Only the pixel values at the corners
of these squares are taken into account. An new pyramidal implementation based on
this method is the following: An image pyramid is created out of the the original image
Iy with size Ny x Ny, where I acts as the bottom image of the pyramid. The upper
layers of the pyramid are created by decreasing the size of the bottom image. By using
different scales s,,, the smaller images I, for the upper layers have sizes N,, x N,, with
N,, = Ny/sp. The reduction of the image size can be carried out with different inter-
polation algorithms (e.g. bilinear, cubic, or nearest-neighbour interpolation). Since an
image pyramid represents the investigated image at multiple spatial resolutions, it can
be used to examine its fractal dimension. The surface area of each of these images is
calculated by using the same method as used for the TPM. For every four neighbouring
pixels (squares 7), middle points are created, their z-coordinates given by the mean grey
values of the corner pixels of the squares. Four triangles ¢; j—1 234 are created for each
of these prisms with this new middle points and the points at the corners of the prisms,

their areas given by A(%; ;). As a measure, the total surface area A, is calculated with

A, =3, A,

Similar to the TPM, the fractal dimension Dprp of the PTPM is estimated from the
slope k; of the linear fit of log(A,,) versus log(s,) with Dprp = 2 — k.

4.3.7. Pyramid Gradient Method

Both the TPM and the PTPM use the surface area as a measure to estimate the
fractal dimension of grey value images. However, the area calculation of a surface can
be achieved in a different manner, e.g. by using gradients. This approach was used by
Chinga et al.™%% to investigate surfaces of supercalendered paper. The here introduced
Pyramid Gradient Method (PGM) extends this application for estimating D. Let I, be
the image under investigation with size Ny x Ny and grey values z(x;,y;) at positions

(wi,y;). Hence z can be interpreted as a sampled version of a (continuous) height
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function of the image, having values (samples) at positions
(l’i,yj) = (Zh,]h), 1= 17...,N0, ] = ]-,--‘,NO (427)
with h as the shortest lateral distance between the positions of two known values.
The surface area A, of this function is given by
02\ > 02\ >
A, = 1 — — | dady. 4.28
//\/+<3x)+(0y) B (4.28)

Since we have a sampled version of this function, the area A is calculated with

2 2
0z 0z
A=>" 1+<— ) +(— ) (4.29)
irj Oz (zi,y;) Oy (2i,y5)

The partial derivatives can be approximated with centered finite difference approxim-

ations
% ~ 2(zi1, ) — 2(Ti1,Y;)
or|, 2h
(z4,95) (4.30)
% ~ z(xi,yjﬂ) - Z(xia yj—l)
Y | (21,5) 2h

where 2h denotes the lateral distance of the two points used for these approximations,

e.g. the distance between (x;11,y;) and (x;_1, ;).

The derivatives have to be calculated at every image point and then summed up with
equation (4.29)) to obtain the surface area. In the field of image processing, this applic-
ation to every image point is usually achieved by convolving the image with a kernel,

e.g with size 3 x 3. The kernel k, representing the derivative in z-direction of equation

(4.30) is given by

0
ks 1, (4.31)
0

" 2h

0 0
k,=— 10 0 0. (4.32)
0 1 0
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The derivatives are given with the convolutions
0
Zonky 1,
(4.33)

— R kyx1.

In image analysis, often the slightly advanced Sobel'™ operator is used instead of
the simple kernels k, and k,. The Sobel algorithm is common in edge detection and
approximates the derivatives at each point (z;,y;) by including contributions of neigh-
bouring points. For the z-derivative an average of the points (x;,y;-1), (x;,y;) and
(i, yj+1) with weights 1, 2 and 1 is used. The y-derivative is built from average of
points (z—1),¥;), (Ti,y;) and (2;41),y;), again with weights 1, 2 and 1, respectively.

Hence the Sobel kernels k5°*! and kSObel are given by

L[t o1
kiobelzg -2 0 2 (4.34)
-10 1
and
L[ -2 -
gSebel — — 100 0. (4.35)
Y
8l 2 1

For an fractal dimension estimation algorithm, the surface areas at different scales has
to be calculated. An image pyramid is created out of the the original image I, (size
Ny x Np) as described in section . Upper-layer images I, with size N, x N, with
N,, = Ny/s, are created by using different scales s,,. From each image of the pyramid,
the surface area A, is calculated with equation by using convolutions of the
described kernels with the image. Attention has to be paid to the coefficients in the
formulas of the kernels. In this pyramidal approach, h has to be replaced with s, of

the current iteration step.

Independent of the used kernels, the fractal dimension Dpg of the PGM is estimated
from the slope k; of the linear fit of log(A,,) versus log(s,) with Dpg = —k;.



44 4.3. Grey Value Images

4.3.8. Pyramid Differences Method

Since the fractal dimension gives an estimation for the roughness of an image at different
scales, a method based on a measure of this roughness was implemented. A quite simple
method to obtain the roughness is to calculate the differences of neighbouring grey
values. Let z(x;, z;) denote the grey value of an image I(x) at position (z;,z;). The
differences of the grey values are obtained by summing up all horizontal and vertical

contributions
A= 3" e(@ipn, ) — 2, w)] + 2@ 500) — 2@ 3,)], (4.36)
,J

no diagonal contributions are taken into account. This method can also be seen as a
simplified version of the 2D-Higuchi Method (Pseudo 2D Direct Differences), which
uses mean values of differences at different scales for an estimation of D®¥. For the
pyramidal implementation of this approach an image pyramid is created out of the the
original image I, (size Ny x Np) as described in section [4.3.6] Upper-layer images with
size N, X N,, with N,, = Ny/s,, are created by using different scales s,,. From the images

I,, of the pyramid, the contributions A, are calculated with equation (4.36)).

The fractal dimension Dpp is estimated from the slope k; of the linear fit of log(A,,)
versus log(s,) with Dpp = 1 + k"4,

Due to the usage of direct grey value differences in this approach, the method is called
Pyramid Differences Method.

4.3.9. Additional Methods

Several other methods for an estimation of fractal dimensions of grey value images exist,
e.g. the Isarithm®, Probability®®, Variation®", or Variogram Method™. However, their

performance is usually worse compared to the described methods above (see e.g. Zhou

1.9 or Lopes and Betrounit) or their field of application is very narrow, e.g. for

8287

et a

determining D as a function of the direction

During the work for this thesis, a variety of pyramidal approaches for estimating the
fractal dimension of grey value images were implemented and tested, e.g. a method
which used different scales of the grey values only (and not of the lateral distances, i.e.

distances of pixels). However, only the three presented methods (Pyramid Triangular
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Prism, Pyramid Gradient, and Pyramid Differences Method) yielded log-log plots with
(at least partly) linear characteristics. None of the other implemented methods was
found to be useful or practical for fractal dimension estimation, hence they are not

presented in this thesis.






5. Generation of Fractal Images

For the verification of the first hypothesis of this thesis, an empirical approach was
chosen. The methods introduced in the last chapter were tested on artificially created
fractal images. This chapter covers the generation of these artificial images which have
well-defined fractal dimensions. Since a broad variety of different methods exists, the

main focus is on the algorithms used throughout this work.

5.1. Binary Images

Since the main aims of this work are based on the evaluation and extension of fractal
methods for grey value surfaces, generators for binary fractal images are not outlined
in detail and a brief overview is given for sake of completeness. Widely used methods
for the creation of binary fractal images are the usage of a deterministic iterative func-
tion system (IFS)#Y (e.g. Fern, Sierpinski Carpet), Koch islands and derivations® or
Diffusion-Limited Aggregates (DLA)%2. These methods were also used for our public-
ation regarding the PM for binary images?, which acted as the starting point of this
work. Further fractals, such as the Sierpinski triangle, the Koch snowflake, the Heigh-
way Dragon and more exist. All of them have in common that after a high enough
number of iteration steps, the created images become (statistically) self-similar and
exhibit well-defined and known fractal dimensions D. In the case of a binary image,
1 < D < 2 holds. As mentioned in the beginning of this paragraph, this list of methods
is definitely not exhaustive, but more details would be beyond the scope of this work.
A selection of binary fractal images created with IQM™" is shown in Figure
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Figure 5.1.: Binary fractal images generated with a deterministic iterative function system
(IFS) implemented in TQM™S,

5.2. Grey Value Images

In the following, methods used for the creation of artificial grey value images with
specific fractal dimensions are described. Three main algorithms were used to obtain
the images for the experimental setup of this work and to provide a basis for the
evaluation of the implemented fractal dimension estimation algorithms: The Midpoint

Displacement method, the Fourier Filtering method, and Takagi Surfaces.

5.2.1. Midpoint Displacement

The (random) midpoint displacement algorithm (RMD), which was introduced by
Fournier et al."™® in 1982, was discussed thoroughly by Voss® who further improved
the algorithm (known as successive random addition (SRA)) and Saupe™™. Zhou and
Lam® revisited the algorithm in 2005 and used the generated surfaces to compare
several fractal dimension estimators. As a start for the SRA version of the algorithm,
an image with a size of 2 x 2 pixels is created. The starting pixels have random values
obtained from a Gaussian distribution N(u,0?) with arbitrary parameters g and o > 0
(typical starting values are y = 0 and o = 1). Then the following steps are applied
recursively (see also Figure [5.2] for clarification )9

In the recursive step 7, new pixels are created in the centers of all 2 X 2 squares of the
image (figure step IIT). These new pixels have the mean values of their four neigh-
bouring pixels plus random values generated from a Gaussian distribution N (p,o?)
with

O; = 5 (5.1)
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where h denotes the Hurst?? exponent with 1 < h < 2. Thereafter, the image is
virtually rotated by 45° and again new pixels are created in the centers of all 2 x 2
squares of the image as described above (figure step IV). In the last part of the
recursive process, the pixels at the edges of the image are created. These pixels have
three neighbours instead of four. Nevertheless, their values are the mean values of the
three surrounding pixels plus random values determined as described above (figure
step IT). In the end, the image, which is now of size (2° + 1) x (2° + 1), is virtually
rotated back in its original orientation All these steps are repeated until the desired

size of the image is achieved.

The fractal dimension D of the surface is given by™?
D=3—h (5.2)

In Figure images with different fractal dimensions created with this method are
depicted.
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Figure 5.2.: Concept of the Midpoint Displacement Method. Starting from a 2 x 2 image
with four random values (step I), new pixel values are obtained by using mean
values of the neighbouring pixels and a random value dependent on the desired
fractal dimension (step II - IV). The procedure can be stopped after step II
when the desired image size is obtained.
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(a) D=2.2 (b) D=25 (c) D=238

Figure 5.3.: Generation of fractal images with the Midpoint Displacement Method. The
depicted images are examples for images with different fractal dimensions D.
Since random values are included in the creation process, different images hav-
ing the same fractal dimension can be generated.

5.2.2. Fourier Filtering

Fractal surfaces can be also generated with the Fourier Filtering method®% which
is also called Inverse Fourier Reconstruction (IFR) algorithm™. This name is a good
description for the procedure used to obtain images with specific fractal dimensions,
which is based on the inverse FFT method for fractal dimension estimation described
in section of this thesis. In a first step an image I(x) with random grey values
is Fourier transformed I(k) = F(I(x)). Then the power spectrum P(k) = |I(k)|? is
artificially modified to obtain a linear decay with a specific slope . In the last step
an image with fractal dimension D is obtained with an inverse Fourier transformation

with random phases. The relation between D and 3 is given by
B =8—2D. (5.3)

In Figure images with different fractal dimensions created with this method are

depicted.

5.2.3. Takagi Surfaces

Introduced by Dubuc et al.® these artificial fractal images are based on modified Takagi
curves 08109 One can see them as a superposition of pyramids of different frequencies

and heights. Mathematically they are constructed with

flx=(z,y)) =) 02" 2,2 y) (5-4)
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¥

(5) D=2.2 | (bﬁ) D=25 c) D25

Figure 5.4.: Generation of fractal images with Fourier Filtering. The depicted images are
examples for images with different fractal dimensions D. Since random values
are included in the creation process, different images having the same fractal
dimension can be generated.

where b denotes an attenuation factor with % <b<1landz,y € [0,0.5]. The generating
kernel WU is defined as

U(x,y) = |2z — int(2x)||2y — int(2y)] (5.5)

with int(x) the integer part of 8% The fractal dimension D of the surface is given
by 86
~ log(8b)
 log(2)

In computational practice the upper limit of the sum in eq. (5.4) is replaced by a

(5.6)

sufficiently high number or the sum is stopped when the (discrete) pixel values do not
change anymore. In Figure [5.5] images showing Takagi surfaces with different fractal

dimensions at different iteration steps are shown.

5.2.4. Additional Generators

In addition to the generators described above, there exists further methods to create

or the Weierstrass-

fractal grey value images, e.g. the Shear Displacement Method
Mandelbrot functions®®3, However, the introduced methods performed very well when
different fractal algorithms were compared previously®. For that reason they were

chosen for creating the experimental setup for this work.
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(a) D=2.2, n=1 (b) D=2.2, n=2 (¢) D=2.2, n=5 (d) D=2.2, n=20

(e) D=2.8, n=1 (f) D=2.8, n=2 (g) D=2.8, n=5 (h) D=2.8, n=20
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Figure 5.5.: Generation of Takagi Surfaces with fractal dimensions D = 2.2 ((a)-(d)) and
D = 2.8 ((e)-(h)) at different steps n (see eq. (5.4)) in the creation procedure.
Since no random values are included in the creation process, there is a unique
image for a specific fractal dimension.






6. Experimental Setup

In the previous chapters, methods for estimating fractal dimensions of binary and grey
value images and creating artificial images with known D-values were presented. To
test the implementations of these methods an empirical study was used. The introduced
methods were investigated and compared by applying them to artificially created fractal
images. In this chapter the experimental setup for this study is given, i.e. the used
hardware, software, and parameters for the algorithms are described in detail. The
main focus is on grey value images, however, also the setup for the evaluation of the
binary PM is described briefly since it was the starting point for the work on this

thesis.

Performance tests of the distinct methods were carried out on a standard workstation
of the institute (Intel Pentium G840, 2.80 GHz, 8GB RAM, Windows 7 Enterprise 64
Bit). For comparison all algorithms for fractal dimension estimation were implemented
in Matlab (R2013a, 8.1.0.604, 64 bit) and optimized for image sizes 2" x 2" with n € N
and n > 1 using the most effective syntax and routines available. D-values for the
images were examined according to the individual methods by finding the measures

and determining the slopes of the linear regressions of the log-log plots (see chapter

).

6.1. Binary Images

6.1.1. Generation of Fractal Images

Four different artificial fractal image sets were created with an IFS (Sierpinski Carpet,
Fern), a Koch island and a growing DLA - see section . Each image set included 14
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images with increasing self-similarity (14 successive iteration steps of the generation
algorithms). The 14™ images had the most detailed structures with single-pixel resolu-
tion, i.e. their D could be compared to the theoretically known value. All of the images
had a pixel size of 4096 x 4096.

6.1.2. Estimation of Fractal Dimensions

For an estimation of D, the binary BCM and the binary PM were used. Both methods
used a scale-range of s =2", n € N, 0 < n < 12. For a determination of the computa-
tional times, all calculations were repeated ten times to average over slightly varying
results caused by varying processor load. Further details of the experimental setup for
this study regarding binary images (influences from noise and non-quadratic images)

can be found in Ahammer and Mayrhofer-R.%.

6.2. Grey Value Images

6.2.1. Generation of Fractal Images

In a first step, the artificial fractal grey value images were created with the three
methods described in section [5.2} The Midpoint Displacement method, the Fourier
Filtering method, and Takagi Surfaces. Four different image sizes were used, namely
512x512, 1024 x 1024, 2048 x 2048, and 4096 x 4096 pixels. These image sizes covered the
range of sizes usually used in tissue analysis in digital pathology. Each image pixel had
a bit depth of 8, i.e. an integer grey value between 0 (black) and 255 (white). For every
image size, images with D-values in the range from 2.1 to 2.9 with a step width of 0.1
were created. The Midpoint Displacement method and the Fourier Filtering method use
random numbers, i.e. images having the same theoretical D may have different visual
appearances. To eliminate influences due to these different appearances, 50 images
were created for each size and each D-value with these two methods. This procedure
resulted in 450 images per image size and method. The method of Takagi Surfaces
does not use random numbers, hence two or more images having the same theoretical
D are identical. Therefore only one image for each size and each D was created with
this method, resulting in 9 images per image size. The algorithm was stopped when no

more changes in grey values were obtained for further iteration steps (n in equation
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(5.4)). All images were saved as TIFF files using lossless LZW compression (see section
2.2.3.3).

6.2.2. Estimation of Fractal Dimensions

To estimate the fractal dimensions D of the created images, the methods described in
section [L.3] were used.

A scale-range of s = 2", n € N was used for all but the Fourier Method, the Higuchi
Method, and the Minkowski Blanket Methods. The actual range of n depended on the
image size, started from 0 < n <9 for 512 x 512 pixels and went up to 0 < n < 12 for
4096 x 4096 pixels. For the Fourier Method power spectrum values Ak of the lowest
1000 distance values in k-space were used. For the Higuchi Method a scale-range of
k =1 — 30 was used. The number of blankets for both Minkowski Blanket Methods
(Peleg, Dubuc) was set to §,n = 1 — 100.

Using these scales seems reasonable since it minimizes computational effort while still
providing enough data points for the log-log plots. Furthermore, it was shown that this

choice of scales results in accurate absolute D-values®#1L,

Optimization

Two main concepts exist for an optimization of fractal dimension estimation from the
log-log plot. One approach scans for the most linear part by maximizing the coefficient
of determination R?, i.e. the quality of fit of the linear regression model (see section
. The second approach uses the theoretically known D-values of the artificially
created images and minimizes the root-mean-square deviation (RMSD) between the-
oretical and estimated values. The latter one was used throughout this work. As a

precondition, at least four data points (four successive scales) were included.

Computational Time

The computational time for estimating D of an image was determined as a function
of the image size and the used method. All calculations were carried out in serial

computing, the obtained time includes the times for

e loading the file,
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e calculating the measures as functions of the scales,
e creating and fitting the log-log plot,
e and obtaining D from the slope of the linear regression.

50 images were used in this evaluation to obtain mean values and standard errors of

the means.

Fractal Dimension Variation Range

The fractal dimension variation range is defined as the difference between the estimated
D of an image having the highest theoretical D (i.e. 2.9) and the estimated D of an
image with the lowest theoretical D (i.e. 2.1). In this study the outcome for an ideal
fractal dimension calculation/estimation method should be 2.9 — 2.1 = 0.8. For an
accurate estimation of D and especially for differentiation between images with different
D-values, it is important that the used method yields results close to this optimum.
Hence also the D wariation range= D(Dipeoretical = 2-9) — D(Dypeoretical = 2-1) was

evaluated for all methods.



7. Results and Discussion

In this chapter the results of the empirical study described in the previous chapter[6]are
presented. The first section briefly shows the advantages of the PM over the BCM when
applied to binary images. Thereafter, the main part of this chapter shows the results
obtained by applying the different fractal dimension estimation methods introduced in
chapter [4] to the artificial images created by the methods described in chapter

7.1. Binary Images

Figure shows fractal dimension values obtained by the binary BCM (a) and the
binary PM (b) for different standard fractals (Sierpinski Carpet, Fern, Koch Curve,
DLA) constructed with a different number of iteration steps. At each iteration step of
the images, both methods (BCM, PM) yielded the same value for the fractal dimension.
Although standard BCM was optimized during the last years (e.g. by using Summed
Area Tables™ 3 (SAT) instead of time-consuming loops), the new approach is about
the factor ten faster without having higher memory requirements, which was demon-
strated in Ahammer and Mayrhofer-R.%. In Figure a comparison of computational

times is depicted.

This behaviour was also proved in other programming languages, such as Matlab, which
is in general optimized for matrix calculations as used by BCM with SAT. Since other
binary fractal methods are usually more complex and slower than the optimized BCM,
advantages of the PM method over other comparable methods are its simple imple-
mentation and a significant reduction of calculation time. Nevertheless, it should be
mentioned that the interpolation method used when downscaling the images affects the
results of the calculations. With binary images, linear and cubic convolution interpola-

tion algorithms yielded trustable results whereas nearest neighbour resampling should
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Figure 7.1.: Fractal dimensions for different standard fractals at different iteration steps
(Image #) obtained by the BCM (Dg) (a) and the PM (Dp)(b). Figures taken
from "Image Pyramids for Calculation of the Box Counting Dimension, H.
Ahammer and M. Mayrhofer-Reinhartshuber, Fractals Vol 20, Issue No. 03n04,
p. 281-293, (©)2012 World Scientific Publishing Company", where also the cor-
responding fractals are described?.
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Figure 7.2.: Comparison of calculation times for BCM using loops (Box Std), BCM with
Summed Area Tables (Box SAT) and PM (Pyramid) on a standard worksta-
tion: Intel Pentium G840, 2.80 GHz, 8 GB, Microsoft Windows 7 Enterprise 64
Bit, TQM, JAVA, JAT.

be avoided. Detailed results of this study (influences from noise and non-quadratic

images) can be found in Ahammer and Mayrhofer-R%.
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7.2. Grey Value Images

In this section the results of the empirical study described in chapter [6] are presented.
The results of the already established methods are shown in the first subsections|[7.2.1.1
- Subsequently, the results obtained by the new pyramidal approaches are
given in subsections [7.2.1.6] - [7.2.1.8] In the end of this section, the new and already

known methods are compared by analysing the quality of their results as well as their

computation times.

7.2.1. Estimated Fractal Dimensions

The following figures show the estimated D-values obtained with the different methods
described in section The optimum scale-range Sopt (for pyramidal methods: scale-
down factor s, opt) was found by minimizing RMSD over all investigated generators and
image sizes (see section . In the figures the diagonal dashed line represents the
theoretical D-values. Results are shown individually for each generator used. While for
the MD and the FFT method mean values and standard deviations (SD) for D-values
are shown (based on 50 different images per theoretical D-value), the figures for the
Takagi surfaces show the estimated D. For each method exemplary log-log plots are
given in the appendix[A.2] Figures[A.IfA.T9] They show measures and linear regressions
based on the optimum scale-ranges for three different images (theoretical D-values: 2.1,
2.5, and 2.9, created with MD, 2048 x 2048 pixels). Furthermore, the three best scale-
ranges individually optimized for each image size are given in the appendix Tables

A THATA
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7.2.1.1. Box-Counting Methods

The optimum scale-range for the standard DBCM over all image sizes and generators
was found to be sppcept = 2° — 28, Figure [7.3/shows the (mean) values of the estimated
D-values ((a)-(c)) together with the standard deviation SD ((a),(b)). For all investig-
ated generators and image sizes the slope of the obtained results is less compared to
the theoretical values. While for the images created with MD and Takagi surfaces the
absolute D-values are mainly below the theoretical values, the results for the FFT im-
ages start too high for small theoretical D-values and are too low for high theoretical
D-values. Except for the smallest image size (512 x 512 pixels) the slopes and absolute
values only marginally deviate from each other for images created by the same gener-
ator. SD values are higher for lower D-values, smaller image sizes and images created
with MD. In the appendix Figure shows the linear characteristics of the
measures throughout the whole scale-range in an exemplary log-log plot. In Table
the three best scale-ranges for each image size are listed separately. The quality of the

linear fit was high (R? > 0.99) for all image sizes and generators.
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Figure 7.3.: Estimated D-values (Dppc) obtained by applying the standard DBCM to
grey value images created with MD (a), FFT (b) and Takagi Surfaces (c). For
(a) and (b) Dppc denotes the mean value, the standard deviation SD is also
shown for these generators. For the standard DBCM an optimum scale-range
of SpBC,opt = 25 — 28 was found and used to obtain the shown results. The
diagonal line represents theoretical D-values.
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The optimum scale-range for the improved DBCM over all image sizes and generators
was found to be sgggjggf = 21— 28, Figure|7.4/shows the (mean) values of the estimated
D-values ((a)-(c)) together with the standard deviation SD ((a),(b)). For all investig-
ated generators and image sizes the slope of the obtained results is less compared to
the theoretical values. For images created with MD and Takagi surfaces the estimated
D-values fit well with the theoretical values for low D-values but show increasing de-
viation for higher D-values. The results for the FFT images start too high for small
theoretical D-values and are too low for high theoretical D-values. While the slopes
and absolute values of differently sized images only show insignificant differences for
images based on MD, estimated D-values for images based on FF'T and Takagi surfaces
have higher deviations from the theoretical values for smaller image sizes. SD values are
low in general (< 0.045) but higher for lower D-values, smaller image sizes and images
created with MD. In the appendix Figure shows the linear characteristics of
the measures throughout the whole scale-range in an exemplary log-log plot. In Table
the three best scale-ranges for each image size are listed separately. The quality of
the linear fit was high (R* > 0.99) for all image sizes and generators.

% 512x512 % 512x512 % 512x512
29 1024 x 1024 29 1024 x 1024 29 1024 x 1024
o8l X 2048x2048 gl X 2048x2048 28 X 2048x2048
®[ + 4096 x 4096 ®[ + 4096 x 4096 ®[l + 4096 x 4096 A
27 . * 27 - ¥ 27 " ¥
B 26 - T 26 ¥ X B 26 "%
g g % % 3 b
5 Q25 P 8 Q25 * X s Q25 X ¥
EQ ) EQq * X Eq * R
Q24 Qoaf * x F Q24 * &
e x ¥
-~ - ol
2.3 ,»"* 2.3 _’:_ + x”.' 2.3 * "/,*
22 r' 22 22 ;
21t ¥ 2.1 2.1 4
005l . M 0.05 21 22 25 24 25 26 2.7 28 29
Q0.04 * Q0.04 i i
0 0.03 * N 003t * * % creation, Takagi
noo2t x x X ol - 0002} g ok ox o5 4
001 t ¥ x ¥ x k¥ oot + ¥ ¥ ¥ x x5 §
21 22 2.3 24 25 26 27 2.8 29 21 22 2.3 24 25 26 27 2.8 29
Dcreation, MD Dcreation, FFT
(a) MD (b) FFT (c) Takagi Surfaces

Figure 7.4.: Estimated D-values (Dgrg)éoved) obtained by applying the improved DBCM to

grey value images created with MD (a), FFT (b) and Takagi Surfaces (c). For
(a) and (b) DY) denotes the mean value, the standard deviation SD is
also shown for these generators. For the improved DBCM an optimum scale-
range of sggé?;’gf = 2% — 2% was found and used to obtain the shown results.
The diagonal line represents theoretical D-values.
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7.2.1.2. Fourier Method

Power spectrum values Ak of the lowest 1000 distance values in k-space were used for
D-value estimation with the Fourier Method. Figure [7.5[shows the (mean) values of the
estimated D-values ((a)-(c)) together with the standard deviations SD ((a),(b)). For
images created with MD and FFT the slopes of the obtained results fit well with the
theoretical values. The absolute values are too low for MD and too high for FFT, both
with rather constant and high (up to 0.2) deviation from the theoretical values. The
slopes and absolute values of differently sized images only show marginally differences.
SD values are high in general (0.04 — 0.10), worse for images created with MD. The
results for the Takagi surface images are completely erroneous. In the appendix [A.2.2]
Figure shows the rather scattered measures in an exemplary log-log plot. In Table
RMSD and R? values are listed separately for each image size. The quality of the

linear fit was very low (R? = 0.26 — 0.54) for all image sizes and generators.
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Figure 7.5.: Estimated D-values (Dp) obtained by applying the Fourier Method to grey
value images created with MD (a), FFT (b) and Takagi Surfaces (c). For (a)
and (b) Dp denotes the mean value, the standard deviation SD is also shown
for these generators. Power spectrum values Ak of the lowest 1000 distance
values in k-space were used for D-value estimation with the Fourier Method.
The diagonal line represents theoretical D-values.
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7.2.1.3. 2D Higuchi Method

For the Higuchi Method an optimum scale-range of £ = 1 — 30 was found for D-
value estimation over all images sizes and generators. Figure shows the (mean)
values of the estimated D-values ((a)-(c)) together with the standard deviations SD
((a),(b)). For images created with MD and Takagi surfaces the slopes of the obtained
results fit well with the theoretical values, for images created with FFT the slope is less
compared with theoretical values. Also the absolute values fit well for MD and Takagi
surfaces. For FFT, the estimated D-values start too high and are too low for high
theoretical D-values. The slopes and absolute values of differently sized images only
show marginally differences. SD values are very low (< 0.03). In the appendix [A.2.3
Figure shows the linear characteristics of the measures throughout the whole scale-
range in an exemplary log-log plot. In Table the three best scale-ranges for each
image size are listed separately. The quality of the linear fit was high (R?* > 0.99) for

all image sizes and generators.
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Figure 7.6.: Estimated D-values (Dy) obtained by applying the Higuchi Method to grey
value images created with MD (a), FFT (b) and Takagi Surfaces (c). For (a)
and (b) Dy denotes the mean value, the standard deviation SD is also shown
for these generators. For the HM an optimum scale-range of k = 1 — 30 was
found and used to obtain the shown results. The diagonal line represents theor-
etical D-values.
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7.2.1.4. Minkowski Blanket Method

The optimum number of blankets for the Minkowski Blanket Method (Peleg) was found
to be dopr = 1 — 6. Figure [7.7/shows the (mean) values of the estimated D-values ((a)-
(c)) together with the standard deviations SD ((a),(b)). For all images the estimated
D-values and their slopes show high deviations for low theoretical D-values, being worse
for larger image sizes. SD values are very low (< 0.02) for FFT images but higher (up
to 0.055) for MD images with low D-values. In the appendix Figure shows
the characteristics of the measures in an exemplary log-log plot. The linearly decaying
behaviour for small values of § changes to a constant value for higher d-values. In Table
the three best scale-ranges for each image size are listed separately. The quality of
the linear fit was high (R? > 0.99) for FFT and Takagi surface images, but lower for
MD images (down to R? = 0.94).
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Figure 7.7.: Estimated D-values (Dgf;‘;‘lgket) obtained by applying the Minkowski Blanket

Method (Peleg) to grey value images created with MD (a), FFT (b) and Tak-
agi Surfaces (c). For (a) and (b) Dgle;fiet denotes the mean value, the standard
deviation SD is also shown for these generators. For the Minkowski Blanket
Method (Peleg) the number of blankets was set to dopt = 1 — 6. The diagonal
line represents theoretical D-values.
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The optimum number of blankets for the Minkowski Blanket Method (Dubuc) was
found to be ngp, = 1 — 100 over all image sizes and generators. Figure shows the
(mean) values of the estimated D-values ((a)-(c)) together with the standard deviations
SD ((a),(b)). For all investigated generators and image sizes the slope of the obtained
results is less compared to the theoretical values. While for the images created with MD
and Takagi surfaces the absolute D-values are below the theoretical values, the results
for the FFT images start too high for small theoretical D-values and are too low for
high theoretical D-values. The slopes and absolute values only marginally deviate from
each other for images based on the same generator. SD values are very low (< 0.035),
decreasing for increasing image size. In the appendix [A.2.4] Figure shows the
linear characteristics of the measures throughout the whole scale-range in an exemplary
log-log plot. In Table the three best scale-ranges for each image size are listed
separately. The quality of the linear fit was high (R? > 0.99) for all image sizes and

generators.
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Figure 7.8.: Estimated D-values (DBD&ﬁ‘ﬁit) obtained by applying the Minkowski Blanket
Method (Dubuc) to grey value images created with MD (a), FFT (b) and Tak-
agi Surfaces (c). For (a) and (b) DRUPYC denotes the mean value, the standard
deviation SD is also shown for these generators. For the Minkowski Blanket
Method (Dubuc) the number of blankets was set to nepy = 1 — 100. The diag-
onal line represents theoretical D-values.
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7.2.1.5. Triangular Prism Method

The optimum scale-range for the TPM over all image sizes and generators was found
to be stpopr = 2° — 2%, Figure [7.9shows the (mean) values of the estimated D-values
((a)-(c)) together with the standard deviation SD ((a),(b)). For all generators most
estimated D-values are below the theoretical values, only the results for smaller FFT
images start too high for small theoretical D-values. Resulting slopes of the estimated
D-values of MD and Takagi surface images are too flat for low D-values (< 2.4). For
MD images the slopes also get too steep for high D-values (> 2.4). SD values are very
low (< 0.03), especially for FFT images (< 0.01). In the appendix [A.2.5 Figure
shows the characteristics of the measures in an exemplary log-log plot. The linearly
decaying behaviour for small values of s changes to constant values for intermediate
s-values, before it drops down again for higher s-values. In Table the three best
scale-ranges for each image size are listed separately. The quality of the linear fit was
high (R? > 0.99) for FFT images, but lower for MD and Takagi surface images (down
to R? = 0.94).
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Figure 7.9.: Estimated D-values (Drp) obtained by applying the TPM to grey value im-
ages created with MD (a), FFT (b) and Takagi Surfaces (c¢). For (a) and (b)
Drp denotes the mean value, the standard deviation SD is also shown for
these generators. For the TPM an optimum scale-range of stp opt = 20 _ 93
was found and used to obtain the shown results. The diagonal line represents
theoretical D-values.
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7.2.1.6. Pyramid Triangular Prism Method

The optimum scale-down factor ranges for the PTPM over all image sizes and gener-

bicubic — 90 3 : L : bilinear — 90 4
ators were found to be s)3pg = 2 — 27 (bicubic interpolation), s"gg = 27 — 2

(bilinear interpolation), and s)FE ;= 2° — 2% (nearest neighbour interpolation). Fig-
ures [7.10, [7.11} and [7.12| show the (mean) values of the estimated D-values ((a)-(c))
together with the standard deviations SD ((a),(b)). Resulting slopes of the estimated

D-values of MD and Takagi surface images are too flat for low D-values (< 2.4) for all

interpolation methods and too steep for high D-values (> 2.4) for bicubic and bilinear
interpolation. For FF'T images the slopes obtained with bicubic and bilinear inter-
polation fit well the theoretical values. For all generators and interpolation methods,
estimated D-values are in the region of theoretical values and increase for decreasing
image sizes. SD values are in a range up to 0.045 for MD images and up to 0.025 for
FFT images (bicubic, bilinear) while nearest neighbour interpolation yielded SD values
of < 0.035 (MD) and < 0.010 (FFT). In the appendix Figures show
the characteristics of the measures in exemplary log-log plots. The decaying behaviour
for small values of s,, (best linear characteristics for nearest neighbour interpolation)
changes to constant values for intermediate s,-values, before it drops down again for
higher s,-values. In Tables the three best scale-down factor ranges for each
image size are listed separately. The quality of the linear fit was low for all images,
better for nearest neighbour interpolation (down to R? = 0.91) than for bicubic (down
to R? = 0.81) or bilinear (down to R? = (.76) interpolation, and being worse for larger

images.
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Figure 7.10.:

Estimated D-values (DBICW€) obtained by applying the PTPM with bicubic
interpolation to grey value images created with MD (a), FFT (b) and Takagi
Surfaces (c). For (a) and (b) DXCPic denotes the mean value, the standard
deviation SD is also shown for these generators. For the PI'PM with bicubic
interpolation an optimum scale-down factor range of Slrjzi,‘li-’u’lli%’c,opt =20 23
was found and used to obtain the shown results. The diagonal line represents

theoretical D-values.
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Figure 7.11.:

Estimated D-values (D) obtained by applying the PTPM with bilinear
interpolation to grey value images created with MD (a), FFT (b) and Takagi
Surfaces (c). For (a) and (b) DYliear denotes the mean value, the standard
deviation SD is also shown for these generators. For the PTPM with bilinear
interpolation an optimum scale-down factor range of s}’;lﬁ}&?gfopt =20 2t
was found and used to obtain the shown results. The diagonal line represents

theoretical D-values.
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Figure 7.12.: Estimated D-values (DPS5™') obtained by applying the PTPM with nearest
neighbour interpolation to grey value images created with MD (a), FFT (b)
and Takagi Surfaces (c). For (a) and (b) DpSE™* denotes the mean value,
the standard deviation SD is also shown for these generators. For the PTPM
with nearest neighbour interpolation an optimum scale-down factor range of

?fl%rﬁs)t,opt = 20 — 23 was found and used to obtain the shown results. The
diagonal line represents theoretical D-values.

7.2.1.7. Pyramid Gradient Method

The optimum scale-down factor ranges for the PGM (simple kernel) over all image
fjﬁ;lé‘fopt = 20 — 23 for all interpolation methods
(bicubic, bilinear, and nearest neighbour). Figures|7.13][7.14] and[7.15|show the (mean)
values of the estimated D-values ((a)-(c)) together with the standard deviations SD

((a),(b)). Resulting slopes of the estimated D-values of MD and Takagi surface images

sizes and generators were found to be s

are too flat for low D-values (< 2.4) for all interpolation methods.For FF'T images the
slopes obtained with bicubic and bilinear interpolation fit well the theoretical values.
For all generators and interpolation methods, estimated D-values tend to be below
theoretical values and increase with decreasing image sizes. SD values are in a range
up to 0.050 for MD images and up to 0.025 for FFT images (bicubic, bilinear) while
nearest neighbour interpolation yielded SD values of < 0.040 (MD) and < 0.015 (FFT).
In the appendix Figures show the characteristics of the measures in
exemplary log-log plots. Two regions showing linear decays with different slopes can
be distinguished. Only the region of small s,-values shows different slopes for images
having different theoretical D-values. In Tables the best scale-ranges for
each image size are listed separately. The quality of the linear fit was high (R? > 0.99)
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for all images and all interpolation methods.

Joll ¥ 512x512 Joll ¥ 512x512 e ,ol * 512x512
: 1024 x 1024 : 1024 x 1024 e : 1024 x 1024
2 X 2048x2048 2 X 2048 x 2048 AR 25| X 2048x2048
o |+ 4096x4096 , o |+ 4096x4096 e o |+ 4096 x 4096
o LT oo XAl p o ol )
g 27 s 27 i+ 5 27
2 pe 5} 5}
S 26 % S 26 F 3 _’"_ S 26
) Sy + ) ) *
g 025 g g 025 ¥ ox £ 25 %
B O X B0 *. + B_O o T
Q24 Sk Q24 &% Q24 p
2.3 Sk ox 2.3 * o X 23 e +
+ * 0%+ Shx
22 L 22 e 2.2 * +
- ¥ X+ %0 X
211 x 21 X 4 24F & x +
e x + + “x +
0.05 . 0.05 21 22 23 24 25 26 27 28 29
Q0.04 o X Q0.04 Dcreation Takagi
2 L IR Kt o
. A FR > "
X + ¥ X & 8 ¥ & % %
0.0(1} g X 0'0(1; % ¥ ¥
21 22 23 24 25 26 27 2.8 29 21 22 23 24 25 26 27 28 29
creation, MD creation, FFT
(a) MD (b) FFT (c) Takagi Surfaces

Figure 7.13.: Estimated D-values (Dggple’biwbic) obtained by applying the PGM (simple
kernel) with bicubic interpolation to grey value images created with MD (a),
FFT (b) and Takagi Surfaces (c). For (a) and (b) Df;gple’bicumc denotes the
mean value, the standard deviation SD is also shown for these generators. For
the PGM (simple kernel) with bicubic interpolation an optimum scale-down
factor range of si?‘ézﬁmbic = 2023 was found and used to obtain the shown
results. The diagonal line represents theoretical D-values.
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Figure 7.14.: Estimated D-values (Dpg

simple,bilinear

) obtained by applying the PGM (simple
kernel) with bilinear interpolation to grey value images created with MD (a),
FFT (b) and Takagi Surfaces (c). For (a) and (b) D?gple’bihnem denotes the
mean value, the standard deviation SD is also shown for these generators. For
the PGM (simple kernel) with bilinear interpolation an optimum scale-down
factor range of sj:ﬁ%i’)githnear = 2023 was found and used to obtain the shown

results. The diagonal line represents theoretical D-values.
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Figure 7.15.: Estimated D-values (Dpg

simple,nearest

) obtained by applying the PGM (simple
kernel) with nearest neighbour interpolation to grey value images created
with MD (a), FFT (b) and Takagi Surfaces (c). For (a) and (b) Dggpb’ncamt
denotes the mean value, the standard deviation SD is also shown for these
generators. For the PGM (simple kernel) with nearest neighbour interpolation
an optimum scale-down factor range of s:ﬁlfg}li’)giare“ = 20 — 23 was found
and used to obtain the shown results. The diagonal line represents theoretical

D-values.
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The optimum scale-down factor ranges for the PGM (Sobel kernel) over all image sizes

and generators were found to be 533 ., = 2° — 2 for all interpolation methods (bicu-

bic, bilinear, and nearest neighbour). Figures [7.16] [7.17, and show the (mean)
values of the estimated D-values ((a)-(c)) together with the standard deviations SD
((a),(b)). Resulting slopes of the estimated D-values of MD and Takagi surface images
are too flat for low D-values (< 2.4) for all interpolation methods.For FFT images the
slopes obtained with bicubic and bilinear interpolation fit better with the theoretical
values. For all generators and interpolation methods, estimated D-values tend to be
below theoretical values and increase with decreasing image sizes. SD values are in a
range up to 0.045 for MD images and up to 0.025 for FFT images (bicubic, bilinear)
while nearest neighbour interpolation yielded SD values of < 0.040 (MD) and < 0.020
(FFT). In the appendix [A.2.7] Figures[A.14 show the characteristics of the meas-
ures in exemplary log-log plots. Two regions showing linear decays with different slopes
can be distinguished. Only the region of small s,-values shows different slopes for im-
ages having different theoretical D-values. In Tables[A.14A.16|the best scale-ranges for
each image size are listed separately. The quality of the linear fit was high (R? > 0.99)

for all images and all interpolation methods.
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Figure 7.16.: Estimated D-values (D;OSEI’bicubic) obtained by applying the PGM (Sobel ker-
nel) with bicubic interpolation to grey value images created with MD (a),
FFT (b) and Takagi Surfaces (c). For (a) and (b) Din" P denotes the
mean value, the standard deviation SD is also shown for these generators. For
the PGM (Sobel kernel) with bicubic interpolation an optimum scale-down
factor range of 3:??%,2;? bic — 20 _ 93 was found and used to obtain the shown
results. The diagonal line represents theoretical D-values.
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Figure 7.17.: Estimated D-values (ijogel’bﬂinear) obtained by applying the PGM (Sobel
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kernel) with bilinear interpolation to grey value images created with MD (a),
FFT (b) and Takagi Surfaces (c). For (a) and (b) D;Oéoel’bﬂinear denotes the
mean value, the standard deviation SD is also shown for these generators. For
the PGM (Sobel kernel) with bilinear interpolation an optimum scale-down
factor range of si(?gé’ggitnear =20 — 23 was found and used to obtain the shown

results. The diagonal line represents theoretical D-values.
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Figure 7.18.: Estimated D-values (D;Oéjel’neare“) obtained by applying the PGM (Sobel ker-

nel) with nearest neighbour interpolation to grey value images created with
MD (a), FFT (b) and Takagi Surfaces (c). For (a) and (b) D;Ogel’neamt de-
notes the mean value, the standard deviation SD is also shown for these gen-

erators. For the PGM (Sobel kernel) with nearest neighbour interpolation an

. bel t
optimum scale-down factor range of siopec;’giires =20 — 23 was found and used

to obtain the shown results. The diagonal line represents theoretical D-values.
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7.2.1.8. Pyramid Differences Method

The optimum scale-ranges for the PDM over all image sizes and generators were found
to be s, ppopt = 1 —4 (bicubic and bilinear interpolation) and s, pp opt = 1 —5 (nearest
neighbour interpolation). Figures [7.19] and show the (mean) values of the
estimated D-values ((a)-(c)) together with the standard deviations SD ((a),(b)). For
all images the obtained slopes fit well with theoretical values for bicubic and bilinear
interpolation, for nearest neighbour interpolation the slope for FF'T and Takagi surface
images are below theoretical values. The estimated D-values tend to be slightly above
theoretical values, mostly for FFT images and for bicubic and bilinear interpolation.
However, for these interpolations absolute D-values seem to converge towards theoret-
ical values with increasing image sizes. SD values are in a range up to 0.035 for MD
images and up to 0.025 for FFT images. In the appendix [A.2.8] Figures show
linear characteristics of the measures for higher s,-values in exemplary log-log plots.
In Tables the best scale-ranges for each image size are listed separately.
The quality of the linear fit was high (R? > 0.99) for all images and all interpolation
methods.
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Figure 7.19.: Estimated D-values (DBIS"i¢) obtained by applying the PDM with bicubic
interpolation to grey value images created with MD (a), FFT (b) and Takagi
Surfaces (c). For (a) and (b) DBubic denotes the mean value, the standard
deviation SD is also shown for these generators. For the PDM with bicubic

interpolation an optimum scale-down factor range of SpPD.opt

bicubic

:21_24

was found and used to obtain the shown results. The diagonal line represents

theoretical D-values.
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Figure 7.20.: Estimated D-values (DBlinear) obtained by applying the PDM with bilinear
interpolation to grey value images created with MD (a), FFT (b) and Takagi
Surfaces (c). For (a) and (b) DBilinear denotes the mean value, the standard
deviation SD is also shown for these generators. For the PDM with bilinear
interpolation an optimum scale-down factor range of 521,%11153?5pt =2l _ 2t
was found and used to obtain the shown results. The diagonal line represents

theoretical D-values.
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Figure 7.21.: Estimated D-values (Dp§™") obtained by applying the PDM with nearest

neighbour interpolation to grey value images created with MD (a), FFT (b)
and Takagi Surfaces (c). For (a) and (b) Dp™* denotes the mean value,
the standard deviation SD is also shown for these generators. For the PDM
with nearest neighbour interpolation an optimum scale-down factor range of
shearest 9l 925 was found and used to obtain the shown results. The
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diagonal line represents theoretical D-values.
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7.2.2. Computational Time

The following figures show computational times for all implemented methods and in-
vestigated image sizes. All algorithms were implemented in Matlab (R2013a, 8.1.0.604,
64 bit) and the calculations were performed in serial computing on a standard work-
station (Intel Pentium G840, 2.80 GHz, 8GB RAM, Windows 7 Enterprise 64 Bit).
The results show the mean computational times per image based on a computation
of 50 images. The error bars indicate standard errors of the means. For the new pyr-
amidal methods results for different interpolation methods (bicubic, bilinear, nearest

neighbour) are given.

Figure shows the computational times for all scales described in section [6.2.2]
for all investigated image sizes. All new pyramidal approaches are among the fastest
methods for all image sizes. All times given in the following are based on an image
size of 4096 x 4096 pixels. While the computational time for a single image with the
PTPM ((3.7 £ 0.3) s) is approximately the same as with the TPM ((3.4 £ 0.3) s),
the PGM ((0.91 £0.02) s) and PDM ((0.76 £ 0.02) s) are even faster than the fastest
non-pyramidal method (Fourier Method ((1.68 £ 0.05) s)). The slowest algorithms are
the Minkowski Blanket Method ((559 £ 14) s), the improved DBCM ((82 4 2) s), and
the HM ((21.3 £0.4) s).

For some methods not all scales have to be calculated to obtain high quality results. In
Figure the computational times for optimized scales (see previous section
for all investigated image sizes are depicted. While from the new pyramidal approaches
only the PDM ((0.28 + 0.01) s) becomes significantly faster, from the non-pyramidal
approaches the improved DBCM ((0.75 4+ 0.02) s) as well as the Minkowski Blanket
(Peleg) method ((34+1) s) are clearly faster for optimized scales. Again all times given
in this paragraph are based on an image size of 4096 x 4096 pixels.

Figure[7.24]shows the computational times plotted as a function of the image size, again
for all calculated scales (a) as well as for the optimized scales (b). The new pyramidal
methods (red triangles), especially PGM and PDM, are faster compared to most of the
non-pyramidal approaches (blue). For optimized scales (b) the improved DBCM (blue
plus) is faster than PTPM and PGM, but still slower than PDM.
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Figure 7.22.: Mean computational times per image (based on 50 images) for all implemen-
ted methods and all scales (described in section [6.2.2)). The error bars indic-
ate standard errors of the means. For the new pyramidal methods, results
with different interpolation methods (bicubic, bilinear, nearest neighbour) are
given. (a)-(d) show results for image sizes ranging from 512 x 512 pixels to
4096 x 4096 pixels.
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Figure 7.23.: Mean computational times per image (based on 50 images) for all implemen-
ted methods and optimized scales (see section . The error bars indic-
ate standard errors of the means. For the new pyramidal methods, results
with different interpolation methods (bicubic, bilinear, nearest neighbour) are
given. (a)-(d) show results for image sizes ranging from 512 x 512 pixels to
4096 x 4096 pixels.
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7.2.3. Fractal Dimension Variation Range

The following Figures - show fractal dimension D variation ranges for all
implemented methods and investigated image sizes for optimized scales. The dashed

horizontal line indicates the optimum theoretical value of 0.8.

Although for some generator-image size combinations non-pyramidal methods (Fourier,
TPM, Minkowski Blanket (Peleg)) perform well, the new pyramidal approaches show
a more constant, high quality behaviour. For almost all generators and image sizes
the new pyramidal methods perform best with bilinear interpolation, followed by the
slightly worse bicubic interpolation and worst with nearest neighbour interpolation. All
pyramidal methods with bilinear interpolation applied to larger images (> 1024 x 1024
pixels) yielded D variation ranges between 0.7 and 0.87. The worst values for the
pyramidal methods using bilinear interpolation are obtained for images generated with

FFT and an image size of 512 x 512 pixels.
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Figure 7.25.: D variation range for images with size 512 x 512 pixels created with MD (a),
FFT (b) and Takagi Surfaces (c). The dashed horizontal line indicates the
optimum theoretical value of 0.8.
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Figure 7.26.: D variation range for images with size 1024 x 1024 pixels created with MD
(a), FFT (b) and Takagi Surfaces (c¢). The dashed horizontal line indicates
the optimum theoretical value of 0.8.
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Figure 7.27.: D variation range for images with size 2048 x 2048 pixels created with MD
(a), FFT (b) and Takagi Surfaces (c). The dashed horizontal line indicates
the optimum theoretical value of 0.8.
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(a), FFT (b) and Takagi Surfaces (c). The dashed horizontal line indicates
the optimum theoretical value of 0.8.






8. Conclusion - Part |

The development of the binary PM acted as a starting point for the work on this
thesis, hence it was compared to the well established binary BCM. For binary images
the same accurate results were obtained with both investigated methods, in terms of
computational time the PM was shown to be significantly faster (see Fig.[7.2). For high
resolution whole-slide images (e.g. 50.000 x 50.000 pixels) the PM is able to calculate
useful results within seconds, whereas an calculation with the BCM would last many
minutes or even hours. This fact is of high relevance when considering applications in
clinical practice. Concluding, it can be stated that for binary images PM is superior to
BCMZ.

For fractal dimension (D) estimation of grey value images, three new pyramidal ap-
proaches were developed, namely the Pyramid Triangular Prism Method (PTPM), the
Pyramid Gradient Method (PGM), and the Pyramid Differences Method (PDM). By
using artificially created images based on three different methods (MD, FFT, Takagi
Surfaces) and with sizes from 512 x 512 pixels up to 4096 x 4096 pixels, the new methods
were compared to five standard, non-pyramidal approaches (DBCM, Fourier Method,
2D HM, Minkowski Blanket Method, and TPM). It was shown that all new pyramidal
methods yield reasonable D-values in rather fast computational times. Three different
interpolation methods for the downscaling of the images in order to create the image
pyramids were tested. For all pyramidal methods bicubic and bilinear interpolation

resulted in more accurate D-values than nearest neighbour interpolation.

All tested methods were optimized over all image sizes and generators by minimizing
the root-mean-square deviation (RMSD) from the theoretical D-values. Best results
were obtained with the PDM with bilinear interpolation, having a RMSD close to the
best non-pyramidal methods (2D HM, improved DBCM) and a high quality of fit of the
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linear regression model in the log-log plot. PDM yielded fastest computational times

in addition to its high agreement with theoretical D-values and D variation ranges.

Concluding, the presented results verified the first hypothesis proposed in this thesis:
Fractal dimensions of grey value images can be reliably estimated by a pyramidal ap-
proach. This pyramidal approach has shorter computational times than standard ap-

proaches.









Part II.

Histological Image Analysis






9. Myocardial Fibrosis

The second part of this thesis presents the application of image analysis, especially
fractal methods to histological images of the heart in order to verify the second pro-
posed hypothesis, which states that "The estimated fractal dimension of histological
mmages can be used as a parameter for a classification of different types of myocardial

fibrosis”.

In this chapter the medical fundamentals of myocardial fibrosis are presented. It starts
with a brief description of the human heart and the cardiac interstitial space. Then
the (pathological) occurrence of fibrosis in the cardiac structure is summarized. Fur-
thermore, the four different types of fibrosis appearing in this thesis are introduced. In
the last part of this chapter, invasive as well as non-invasive techniques for imaging of

cardiac tissue, especially fibrosis are presented.

9.1. The Human Heart

The human heart can be seen as an electrically driven mechanical pump that has the
task to pump blood into the body and to the lung. It is a muscular organ that comprises
four cavities, namely the right and left atrium and the right and left ventricle. Low-
oxygen blood fills the right atrium through two caval veins (superior, inferior). From
there the blood is transported through the tricuspid valve to the right ventricle. The
right ventricle pumps it into the lungs. There the blood is re-oxygenated. Through the
pulmonary veins the now high-oxygen blood comes back to the heart, entering the left
atrium. After passing the bicuspid valve, the left ventricle pumps it into the aorta and
the blood is distributed over the whole body*42,
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The heart muscle (cardiac muscle) is one of three different types of muscles, the others
being skeletal muscles and smooth muscles. It can be specifically found in the myocar-
dium. The myocardium is the middle layer in the heart walls that is responsible for

pumping out the blood by contracting the heart™9.

9.1.1. The Cardiac Interstitial Space

Cardiomyocytes or cardiac muscle cells are the main components of cardiac tissue.
They are surrounded by the extracellular matrix (ECM). Cardiac cells, blood vessels
and nerves are embedded in a rather complex three-dimensional space, which is called
cardiac interstitium. This dynamic environment is essential for normal function of the
heart™. In the physiological case, the ECM consists mainly of collagen scaffolding of
collagen type I (= 80%) and type IIT (= 11%). Besides a ground substance of pro-
teoglycans and glycosaminoglycans, among others fibroblasts and immune cells are
contained in the matrix™"42% The contained fibroblasts, which represent up to 60% of
the total myocardial cell population in some species, are morphologically different to
fibroblasts in other organs and form a communication and structural support network,
which parts are coupled by gap junctions (mostly connexin 43 and 45)14%22 Main-
tenance of the interstitium is provided by the relationship between itself, myocytes,
cardiac fibroblasts, the neuro-hormonal system and mechanical forces!?®. A constant
process of collagen and tissue turnover, i.e. growth and reparation, is present within

these matrices®?4,

9.2. Fibrosis in the Heart

A change of the interstitial status may be induced by a disease, (mechanical) stress,
inflammation or the hormonal environment. Fibroblasts are metaplased into myofibro-
blasts, which results in a, compared to type III collagen, relatively higher amount of
type I collagen and more fibre cross-linking. Early changes of the composition and
structure of the interstitium may be physiological due to a response to current de-
mands. However, persisting and combined changes alter myocardial properties (e.g.
conduction) and may lead to arrhythmia and functional impairment and further to
morbidity and mortality. Especially an excess of the synthesis and deposition of (type

I) collagen seems to play a major role in the enhancement of myocardial fibrosis that
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accompanies the appearance of heart failures. The type and hence also the pattern of

the occurring fibrosis is partly disease specific®HL 1224126

Although the alterations due to fibrosis seem quite destructive, the pathological pro-
cesses are not necessarily irreversible!2%28 The complex pathways in fibrotic remod-
eling are more and more investigated and understood, providing a broad range of

potential therapeutic targets™’.

From the functional point of view, two types of fibrosis are distinguished, reactive
and replacement fibrosis. The latter, which is also called reparative fibrosis, occurs
when dead cardiac cells are replaced by collagen. On the other hand, reactive fibrosis
develops without cell loss, e.g. because of an increased mechanical load."”. Besides this
differentiation due to the underlying function, a classification due to the morphology

(shape) of the fibrosis can be done and is described in the following section.

Besides these well known facts, open questions regarding fibrosis and its influence on
impulse propagation, especially on a microscopic level, still remain. Based on a mouse
model it has been suggested that fibrosis in the aged heart is a significant parameter
for arrhythmia. Furthermore, the texture of fibrosis influences the incidence of ar-
rhythmias® . Considering the facts above a deeper understanding of the connection
between electrical excitation spread and the amount, distribution and type of fibrosis
is highly desirable. In particular, the investigation of local morphological differences at
microscopic scales would be of high interest for the scientific community in order to

assess the vulnerability for arrhythmias.
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9.2.1. Types of Fibrosis

Different classification systems for myocardial fibrosis exist®*%12% Tn the following the

four most often used classes are briefly described, examples are shown in Figure (9.1

e Compact (focal) fibrosis (see Figure mainly consists of regions showing
dense collagen, free from any myocardial tissue. Despite its appearance it is the

least arrhythmogenic compared to the other types22H05,

e Interstitial fibrosis (see Figure consists of collagen tissue comprising the
extracellular matrix. It shows a typical anisotropic pattern and may separate
myocardial bundles. With increasing amount of interstitial fibrosis propagation
becomes asynchronous perpendicular to the fibre direction™?M78 Tt has been

found that a high amount of this type predicts ventricular arrhythmias"3".

e In diffuse fibrosis (see Figure [9.1c|) the short stretches of collagen intermingle
with myocardial tissue. It was found that conduction velocity was significantly

decreased proportional to the amount of diffuse fibrosis®.

e The characteristics of patchy fibrosis (see Figure are areas where myocar-
dial tissue (bundles) and collagen intermingle. In patchy fibrosis the collagen
fibers create long strands. Large conduction delays can be caused by this type
due to zig-zag conduction between the myocardial bundles. Hence it is very vul-

nerable to arrhythmias,*-08H122

For the work of this thesis the above classification system was used. Hence the observed
types of fibrosis was assigned to the four classes compact, interstitial, diffuse, and patchy
fibrosis. However, it has to be noted that fibrosis typically does not exhibit only one
particular pattern type but may be a composition of the different types. Due to this fact
it is obvious that although fibrosis is often classified, a uniform and exact classification

of different types of fibrosis is debatable.
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= -

(c¢) diffuse fibrosis (d) patchy fibrosis

Figure 9.1.: Classification system for myocardial fibrosis that was used in this work. Ex-
emplary images of the four different types were taken from the ground truth
images of image set ITb (see chapter . The histological sections were
stained with Gieson’s Trichrome (collagen: blue, muscle fibres: red), the areas
of the shown regions are approximately 2 mm X 2 mm.
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9.2.2. Imaging of Fibrosis

As a prerequisite for the characterization of fibrotic tissue, an image of the investig-
ated region has to be obtained. This can either be done by invasive or non-invasive
techniques, the most common in the context of fibrosis analysis are described below.
In these images, the components of interest (e.g. the collagen in the case of fibrosis)

should be intensified before further analysis.

9.2.2.1. Invasive Techniques

Biopsies of cardiac tissue can be taken with catheters or during surgery. An advantage
of these techniques is that detailed information about the remodeling (structural and
electrical) is achievable. The disadvantages are the risks for the patient and that only

information on a very localized region of the heart is obtained"2”.

e Histology
For a histological analysis the tissue is frozen or embedded in paraffin. Thereafter,
the sample is cut in 4—10 pm thick sections. Mostly a trichrome dye (e.g. Masson’s

311 (collagen: blue, myocytes: red)) or Picrosirius Red1#234 (

Trichrome collagen:
red, myocytes: yellow) are used as cheap dyes to stain the sections and enhance
the contrast between collagen and other tissue. Furthermore, Picrosirius Red can
enhance the intrinsic birefringence of mature collagen, hence polarized light can
be used to visualize the collagen fibres better and in more detajlt22:132:L36]

Daunoravicius et al.*** showed that Masson’s trichrome could be used for an
automated quantification of myocardial fibrosis by image analysis techniques.
The analysis of digital images obtained by scanning histological sections was also

the method of choice for the work of this thesis.

¢ Immunohistology
Also fluorescent labeled antibodies can be used for specific collagen protein in-
vestigations with immunohistology or with a Western blot. However, this is more

time-consuming or more expensive, hence this method is less frequently used"*”,

e Hydroxyproline Assay
The structure of mature collagen is stabilized by the modified amino acid hy-
droxyproline. Since collagen contains ~ 14% hydroxyproline, the determination
of hydroxyproline (with commercially available kits) is highly specific for collagen

and the actual amount can easily be calculated. A disadvantage of this method is
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that homogenized tissue samples are required, hence no site-specific information

is provided422:438,

e Sircol Assay
With this method it is possible to measure only newly formed collagen. Although
this analysis can be easily performed, this assay also does not provide information

on potential heterogeneity 4452,

e CNA35
Fluorescent labels, which are attached to the truncated bacterial protein CNA35,
can be used due to the binding of CNA35 to collagen. Reversible binding and the
smaller size of CNA35 compared to antibodies are advantages of this technique.
Also MRI (magnetic resonance imaging) tagged labels can be used instead of

fluorescent labelst2140,

9.2.2.2. Non-invasive Techniques

Since the risks for the patients are nearly negligible, non-invasive techniques for an
analysis of cardiac fibrosis would be preferable. However, quantitative analysis with

these techniques are not completely validated so far.

e Biomarkers in the Blood
Biomarkers which have their origin in the breakdown of the collagen (matrix
metalloproteases (MMPs), tissue inhibitors of metalloproteases (TIMPs), Pyridinoline
cross-linked carboxyterminal telopeptide (ICTP)) can be detected in blood samples.
This method has the advantages of being cheap, non-invasive, and easily applic-
able in a clinical setting. However, the circulating peptides are not cardiac-specific
and no validation of a quantitative analysis of cardiac fibrosis with these biomark-

ers is availablel2#14L

e MRI / CMR
The technique of cardiovascular magnetic resonance imaging (CMR) has become
the gold standard for the non-invasive characterization of myocardial tissuet42143,
The clinical investigation of cardiac scar tissue is often done by late gadolinium
enhanced (LGE) magnetic resonance imaging (MRI). The gadolinium is used for
the contrast agent, which remains shorter in viable than in scarred tissue due to
different washout kinetics**. Hence, it is an indirect measurement for collagen

deposition. Recently, an MRI technique called ultrashort echo time (UTE) was
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developed to detect myocardial fibrosis without using contrast agents**®. How-
ever, due to the current limitations of the achievable resolutions with MRI, for
instance interstitial or small patches of fibrosis are undetected or unresolved. This
is an important drawback since they are of particular interest because of their

role in arrhythmia susceptibility and systolic dysfunction 1241464147

2D strain imaging by speckle-tracking echocardiography (STE)

This technique uses ultrasonic sound waves to measure the tissue motion in the
heart. The produced acoustic reflections are called speckles and can be used to
measure the strain, i.e. the change in an objects dimension. These strain meas-
urements can be used to make conclusions about whether fibrotic tissue is present
in the heart*48150 9D strain imaging by speckle-tracking echocardiography pro-
duces images with coarse resolution hence no accurate morphometric analysis is

possible.



10. Material

In this chapter, the histological image sets are described, to which the fractal analysis
methods introduced in part I were applied. One image set was used to differentiate
between control and fibrosis groups, a second more extensive image set was used to

distinguish between different types of fibrosis.

10.1. Histological Images

For diagnosing different types of myocardial fibrosis in histological samples, pathologists
typically use magnifications in the range of 1 x —5x, typical investigated areas for
classifying fibrosis are in the range of 1 —4 mm?. In the following, a detailed description

of the image sets used for this work is given.

10.1.1. Image Set |

A first set of images was provided by our partner group of the University of Ex-

tremadura in Badajoz, Spainﬂ

The images show different regions of 14 different human hearts, namely parts of the
papillary muscles (anterior and posterior) and the interventricular septum. The dia-
gnosis for all patients was structural ischemic heart disease. The tissue for investigation
was impregnated with paraffin wax, then sections (7 pm) were cut on a microtome. A
trichrome staining protocol was used to enhance contrast between different tissue types

(myocytes and connective tissue). With the used staining method collagen was coloured

! contact person: Damidn Sanchez-Quintana, Departamento de Anatomia y Biologia Celular, Facultad

de Medicina, Universidad de Extremadura
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blue, muscle fibres red and erythrocytes orange. Since no healthy control hearts were
available, from each heart up to two slices showing nonfibrotic regions were chosen and
assigned to the control group. Furthermore, one or two slices showing fibrotic regions
were chosen and assigned to the fibrosis group. The set contained 40 different images
(20 control, 20 fibrosis), all images were in the TIF(F) file format (uncompressed, 24-bit
true colour RGB space) and had a resolution of 2560 x 1920 pixels. A stereomicroscope
(Nikon model SM 1500, 5x magnification) was used for digitalization. The spatial

resolution, i.e. the pixel size was 0.68 pum x 0.68 pm™>%,

In the following these images are referred to as image set I. It was used in a first
step of the work to test algorithms for segmentation and differentiating fibrotic and

non-fibrotic regions.

10.1.2. Image Set lla and IIb

A second set of images was obtained by using samples of formalin-fixed, paraffin-
embedded (FFPE) human myocardium that had been stored after routine autopsies by
the Biobank Graz. Access to these samples in the context of this study was approved
by the ethics committee of the Medical University of Graz (EK-no: 26-315 ex 13/14).
Together with an expert?|25 samples containing fibrotic tissue were selected. From these
samples, sections with a thickness of 3 um — 4 um and lateral sizes of approximately

(22 — 37) mm x (20 — 25) mm were cut on a microtome.

Two subsets of images were created from these histological sections: For image set Ila
the samples were stained with Picrosirius Red (for the staining protocol see appendix
. Collagen appeared in a bright red with this technique, muscle fibres in orange to
yellow. Image set 11b was created by using the stain Gieson’s Trichrome, that brought

out the collagen in blue while muscle fibres were coloured red (for the staining protocol
see appendix [A.1.2).

All samples were digitized with the Aperio ScanScope® AT whole-slide imaging scan-
ner. A 40x magnification was used to produce images with sizes of about (90,000 —
150,000) x (80,000 — 100,000) pixels, depending on the size of the section under in-
vestigation. At this resolution the pixel size was approximately 0.245 pm x 0.245 pm.
The images were saved in the SVS file format (see section [2.2.3.4)), using TIFF files
with JPEG-2000 compression (see sections [2.2.3.2| and [2.2.3.3).

2 Dr. Martin Asslaber, Institute of Pathology, Medical University of Graz
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For further diagnosis and processing, the whole scans were split into tiles with sizes
of 8192 x 8192 pixels and saved separately (see Figure . The Matlab Toolbox for
OpenSlide™™ 2 was used for opening the SVS-files created by the Aperio whole-slide
scanner. Fach new image showed an area of approximately 2 mm x 2 mm, which is a

common size for a classification of different types of fibrosis.

For testing automated classification algorithms for different types of fibrosis, the ob-
tained results had to be compared to diagnoses of human experts (see subsequent
chapter . Since expert classification of all images would have been too laborious,
subsets of image sets ITa and IIb were used to test the proposed approaches. For the
work presented in this thesis, a random selection of 70 images of set Ila was usedE]
Image set ITb included a selection of 110 images of set ITb[f The main number of these
110 images showed cuts from a single whole-slide scan, i.e. a single histological section,
that was tiled in 99 squared images (see Figure .

i

Figure 10.1.: Tiled single whole-slide scan of image set IIb. The scan was divided into 99
single images.

3 In the following chapters the term image set Ila refers to these 70 images.
4 In the following chapters the term image set IIb refers to these 110 images.






11. Methods and Experimental
Setup

In this chapter, the proposed methods for an automated classification of different types
of fibrosis from histological images are described. The setup for an inter-observer study
to obtain inter-rater reliability that acted as a reference for the proposed automated
classification is given. Furthermore, the procedures used for fractal dimension estima-
tion and classification are outlined. Obtained results and the corresponding interpret-

ation are presented in subsequent chapters.

11.1. Inter-rater Reliability

Whenever a new method for solving a certain task is proposed, it has to be compared
to a reference method. Usually it is compared to the current gold-standard, i.e. the
best method known so far. In the case of classification of several types of myocardial
fibrosis, gold-standard is the classification by a human expert. However, it is important
to not only compare with the results obtained by one particular observer alone. The
fact that different experts may not agree completely in every case of a classification is
called inter-observer variability. So in a first step, a measure for the agreement between
the results of two or more experts has to be found. This measure is called inter-rater
relrability or inter-rater agreement and can be compared to the outcome of the new
method.

For that reason, inter-observer studies were performed based on the diagnoses of three

different experts, namely
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e Dr. Damian Sanchez-Quintana,
Department of Anatomy and Cell Biology, University of Extremadura, Badajoz,
Spain,

e Dr. Yolanda Macias,
Department of Anatomy and Cell Biology, University of Extremadura, Badajoz,
Spain,

e and Dr. Sergio Alama Carrizo,

Instituto de Medicina Legal de Badajoz, Badajoz, Spain.

In a first study, the 70 images of set Ila were grouped by two experts according to
different types of fibrosis (compact, diffuse, interstitial, patchy). Their decision should
be based on the classification scheme published by de Jong et al.®, which was presented
in section [0.2.1} The four groups by de Jong were complemented by an additional group
of images showing no fibrosis.

A second study included the 110 images of set IIb. Each of the three experts assigned

the images to one of the five groups (no fibrosis, compact, diffuse, interstitial, patchy).

Several methods exist to obtain an actual measure out of the observers’ classifications.
Considering the fact that the data is nominal and originated from more than two ob-
servers, Krippendorff’s alpha (coefficient) k, was chosen as the measure for inter-rater
agreement?#12% Krippendorff’s coefficient usually has values between 0 (no agreement
between raters) and 1 (perfect agreement), there might be also values < 0 when there
are systematic disagreements. k, can be calculated computationally efficient by utiliz-

ing coincidence matrices™.

One has to mention that there might be also differences in the results when the same
observer does the classification twice or more times. However, this intra-observer-
variability was neglected during this study since the inter-observer variability is usually

much higher.

11.2. Polarization Microscopy

Since Picrosirius Red enhances the intrinsic birefringence of mature collagen, polariz-
ation microscopy was used to investigate images that clearly showed fibrotic regions.
Different samples of image set Ila were analysed using a Nikon eclipse 80i polariza-

tion microscope (objective: 4x, 0.2, WD20). Five regions showing different types of
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fibrosis were chosen and recorded under normal lighting and linear polarization (angle
between polarization filters: 45°) lighting conditions. Images were captured with expos-
ure times between 333 ms and 1500 ms, the NIS-Elements D software tool was used
for digitalization (2560 x 1920 pixels, lossless TIFF).

In total, five image pairs (normal, polarization) showing different types of fibrosis were

captured, see Figure for an example. The obtained images were used to optimize

(a) normal (b) polarization

Figure 11.1.: Polarization Microscopy - normal (a) and polarization (b) mode. A specific
region of one of the samples of set 1la is shown. The black bar in (a) repres-
ents a length of 500 pm. The red regions in (a) highlight high collagen con-
tent. In polarization mode (b) these regions are very bright and show a better
contrast to the surrounding tissue.

parameters necessary for segmentation of fibrotic regions in digital images of samples

stained with Picrosirius Red.
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11.3. Image Segmentation and Fibrosis Detection

11.3.1. Image Set |

Two different algorithms for segmentation (Colour Thresholding, RGB Relative - see
section [2.3.3)) were tested and compared. Furthermore, three different parameters (ra-

tios) for assigning images to the control or to the fibrosis group were evaluated.

Segmentation

For quantification of myocardial fibrosis based on Colour Thresholding segmentation>2,

as a first step the images were transformed from RGB to the CIE L*a*b* colour space.
Thresholds were determined empirically and used to separate the different parts. All
pixels with values between the minimum and maximum value of the thresholds were
set to 0 (black), all remaining pixels were set to 1 (white). For instance, in the resulting
image of the segmentation process for fibrosis, all pixels assigned to the class of fibrosis
are white. As a result of this procedure, which is depicted in Figure [I1.2] binary images
were achieved. The parameters for the RGB Relative algorithm were set empirically
by analysing the images of set I and selecting the values, which identified the tissue

compartments best.
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Figure 11.2.: The different steps of the Colour Thresholding algorithm. As a result, binary
images were achieved that showed the positions of the pixels assigned to dif-
ferent classes (fibrosis, myocytes, lumen). Figure taken from "M. Mayrhofer-
Reinhartshuber et al., Semi-Automated Detection and Fractal Characleriza-
tion of Myocardial Fibrosis in Histological Images; in: Biomedizinische Tech-

nik/Biomedical Engineering Vol 59, p. S616-S619, Figure 1, (©)2014 Walter de

Gruyter" 154,

Pixel Ratios

The binary images obtained from the segmentation algorithms were used to calculate
values proportional to the amount of fibrosis Ngy,, myocytes Npyo, and lumen Ny, by
summing up the white pixels in the corresponding binary images. Three different ratios
ri1, 79,73, Were calculated and tested as classification parameters for assigning images

to the control or to the fibrosis group.

11 =Ngp/Atotal
12 =Niib/(Nab + Ninyo)
r3 =Ngp/ (Atotal — Nium)

The total area Ay is given by the total number of pixels of an image.
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11.3.2. Image Set II

Based on the RGB Relative algorithm, two different parameters (ratios) were calculated

for assigning images to one of the different types of fibrosis.

Segmentation

For quantification of the collagen, i.e. fibrosis in image sets Ila and IIb, the RGB
Relative algorithm was used. Necessary parameters were set empirically by analysing
both sub-sets IIa and IIb individually and selecting the values, which identified the

tissue compartments best.

Pixel Ratios

The obtained binary images were used to calculate values proportional to the amount
of fibrosis Ngp,, myocytes Nyyo, and lumen Ny,,,. From an electrophysiological point of

view the most interesting ratios r3 and r4, given by

73 =Ngb / (Atotal — Nium)
T4 :Nﬁb/(Nmyo)

with A¢oa the total number of pixels of an image were calculated.

11.4. Application of Fractal Methods

For images of set I, the binary PM (see section [4.2.2]) was used to estimate the fractal
dimensions of the segmented images showing fibrosis (connective tissue). D-values ob-

tained from these images were used for assigning them to control or fibrosis group.

All three new pyramidal fractal dimension estimation algorithms (PTPM, PGM, PDM)
as well as the best-performing standard approaches (Improved DBCM, HM) were ap-
plied to the images of set II (downscaled to a size of 4096 x 4096 pixels, bicubic inter-
polation). Optimized scale-ranges (see section and appendix were used for
all methods, for the pyramidal methods bilinear interpolation was used. For images of

set Ila, fractal dimension estimation algorithms were applied to the red-channel of the
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segmented images. For images of set IIb, fractal dimension estimation algorithms were

applied to the blue-channel of the whole images under investigation.

11.5. Classification of Fibrosis

As a ground truth for the classification of the different types of fibrosis, the results
from the inter-rater reliability study were used. For image set Ila, all images that
had been classified in the same group by both raters (two-observer-agreement) were
taken. For the evaluation of image set IIb, all images having a three-observer agreement
were used. Calculated tissue ratios (rs, r4) and D-values were assigned to the resulting
ground truth groups, mean values and standard errors of the means were calculated.
With this approach, typical values (ratios, D-values) for each type of fibrosis were

obtained.

To test for normal distribution of the values within each group, Shapiro-Wilk (S-W)
tests (o = 0.05) were used . One-way analysis of variance (ANOVA) was applied to
test for significant differences of the means. Significant differences between the indi-
vidual groups were evaluated by post-hoc pairwise t¢-tests (Fisher’s least significant

difference).

11.5.1. Automated Classification of Fibrosis and Optimization

For an automated classification, rules for assigning an investigated image to a specific
type of fibrosis have to be defined. The most simple approach is to define individual
constant thresholds for D-values and collagen ratios of each group, i.e. if the resulting
D-value and tissue ratios for an image are within predefined, constant ranges, the im-
age is assigned to the corresponding fibrosis type. A slightly more advanced technique
is to use simple functions as thresholds, e.g. in a way that thresholds for D-values are
dependent on the values of the collagen ratios. Both approaches were used in this work,
the latter with a linear dependency between D-value thresholds and collagen ratio. Op-
timum thresholds were found by varying the value ranges for each type of fibrosis and
using the number of the correctly classified ground truth images as a measure. The
thresholds that resulted in the maximum number of correctly assigned ground truth
images were taken as the optimum values for an automated classification. Addition-

ally, also the thresholds for the segmentation of the different types of tissue (fibrosis,
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myocytes, lumen) were varied within a pre-defined range to achieve optimum results.
Thereafter the whole image sets IIa and IIb were investigated with these optimized

parameters and compared to the classification of the experts.



12. Results and Discussion

12.1. Image Set |

Segmentation algorithms were used to differentiate between the three different regions
(fibrosis, myocytes and lumen) in the 40 images of set I. Furthermore, fractal analysis
was used to characterize the images. The main aim of the work with this image set was

to differentiate between control- and fibrosis-group images.

12.1.1. Pixel Ratios

The empirically determined threshold values for the Colour Thresholding algorithm
that were used to separate fibrosis, myocytes and lumen in the investigated images are
given in Table For the RGB Relative algorithm, the ratio B > R+ (1 — tg,) with
a sensitivity threshold tg, = 0.8 for the segmentation of fibrotic regions was used. For
the regions showing myocytes, R > B + (1 — tyy,) With t,y, = 0.8, for the lumen the
ratio (R + G + B)/3 > tjum with ty,, = 0.9 were used.

Table 12.1.: Empirically determined thresholds for the Colour Thresholding algorithm ap-
plied to image set I. L*, a* and b* refer to the minimum (min) and maximum
(max) thresholds for the channels in the CIE L*a*b* colour space.
| L*(min) L*(max) a*(min) a*(max) b*(min) b*(max) invert

fibrosis 201 255 0 255 0 255 no
myocytes 0 255 124 255 133 255  yes
lumen 0 208 138 255 0 255 no

The most significant parameter for assigning images to the control or to the fibrosis
group was identified by calculating three different ratios, which may be used as clas-

sification parameters. All obtained ratios were tested on normal distribution by using
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the Shapiro-Wilk (S-W) test with a level of significance o = 0.05. Thereafter, mean
values for rq, 79, r3 and standard errors of the means were calculated. The obtained
results can be seen in Figure [12.Tal All ratios show clear differences between control
and fibrosis groups. Figure compares the results of the two segmentation meth-
ods (Colour Thresholding, RGB Relative) for the best discriminative ratio ry. Both
methods yielded a statistically significant differentiation between control and fibrosis
group (Mann-Whitney U test, two-tailed, p < 0.001). The difference was higher for
Colour Thresholding (control: ro = 4 — 6%, fibrosis: 7y = 41 — 47%) than for RGB
Relative (control: 7y = 6 — 8%, fibrosis: ro = 38 — 44%).

B 05
% Wl =NA 0.6 =gggr;'rllret§holding .. Pe0-001
- : elative
g 0.4/ [l = Ny /NG #N_ |- _[_ 5
|: |:|r3 = Nﬂb/(Atota\-Nlum) SN 05
o 0.3 '.c_%' 0.4
o] o
(@) c 0.3
0.2 s Y
el o}
5 £ 02
01
S 0.1
g
0 control fibrosis 0 control fibrosis
group group
(a) Colour thresholding. (b) Discriminatory power of 7o

Figure 12.1.: (a) shows different mean ratios (r1, ra, r3) of the pixel sums assigned to
fibrosis Ngp, myocytes Npyyo, lumen Ny, and total image pixels Agotar. 72
shows the highest difference for differentiating between the investigated
groups (control and fibrosis). (b) shows the discriminatory power of 9 on
different segmentation algorithms (Colour Thresholding vs. RGB Relative).
Figures taken from "M. Mayrhofer-Reinhartshuber et al., Semi- Automated
Detection and Fractal Characterization of Myocardial Fibrosis in Histological
Images; in: Biomedizinische Technik/Biomedical Engineering Vol 59, p. S616-
S619, Figure 2 and Figure 3, (©)2014 Walter de Gruyter"1>L.

12.1.2. Fractal Dimension

For the obtained D-values, S-W tests were performed to prove the normal distribution
of the obtained values (level of significance o« = 0.05). The mean value for the estimated
fractal dimensions (binary PM) of the control group was found to be D, = (0.95 +
0.20). For the fibrosis group D, = (1.65 £ 0.10) was obtained. Student’s t-test (two-
tailed, p<0.001) was used to show that D, is a statistically significant parameter to

discriminate between images of both groups. The results are depicted in Figure [12.2
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Figure 12.2.: Estimated fractal dimensions (Pyramid Method) of the investigated groups
(control vs. fibrosis). Figure taken from "M. Mayrhofer-Reinhartshuber et
al., Semi-Automated Detection and Fractal Characterization of Myocardial
Fibrosis in Histological Images; in: Biomedizinische Technik/Biomedical En-
gineering Vol 59, p. S616-S619, Figure 4, ()2014 Walter de Gruyter"1L,

12.2. Image Set lla

12.2.1. Inter-rater Reliability

Inter-rater reliability for the classification of 70 images from set Ila grouped by two

experts yielded a value for Krippendorft’s coefficient £, of
ko 1a = 0.87.

In total 63, i.e. 90% out of the 70 images were classified concordantly and were used as
the ground truth in the following steps. The correlation between the diagnoses of the
experts is shown in Table in the appendix [A.3.1] Most disagreements occurred
between the types no fibrosis and interstitial (2 of 7 disagreements), and between
interstitial and diffuse (2/7). From the concordantly assigned images, 9 were assigned

to no fibrosis, 15 to interstitial, 13 to compact, 11 to diffuse, and 15 to patchy.

12.2.2. Polarization Microscopy

Five image pairs obtained by normal and polarization microscopy (see section of
samples of set [la were used to optimize segmentation with the RGB Relative algorithm
(see section . From each of the five polarization images a mask M, was created
as a reference image by using the L*-channel in CIE L*a*b* colour space (Figure
right). The RGB Relative algorithm was used to create a segmentation mask
Mgcg based on the corresponding normal image (Figure [12.3] left). The used threshold
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tr for the ratio R/(R + G + B) was varied to find the best agreement between the
mask created with RBG Relative and the mask obtained from the polarization image.
Therefore, a minimum deviation between both images had to be found by minimizing
the squared error SE = > (Mrap — Mpo1)?. In Figure an example of SE vs. tg is
shown. The analysis of all five image pairs yielded an average, i.e. optimum threshold
of tropt = (0.47 £ 0.05). However, it has to be noted that the illumination as well as
the quality of the histological samples and the used colours had a strong influence on

segmentation parameters. Therefore, the applicability of the obtained results for g opt

is limited.
W % SEimg#1
25 %
. *
5 | %
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~ *
L *
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segmentation mask 03 04 05 06 07 segmentation mas
normal threshold t; polarized

Figure 12.3.: Polarization Microscopy - Evaluation of segmentation parameters. A segment-
ation mask based on the normal image is created with varying thresholds tg
to find the minimum of SE (minimum difference of the segmented areas of
the normal (left) and polarization (right) image) at tr = R opt- tR,opt T€Pres-
ents the optimum threshold for the RGB Relative algorithm.

12.2.3. Classification of Fibrosis

12.2.3.1. Classification of Fibrosis with Pixel Ratios

For image set Ila the best segmentation of the pixels showing fibrosis was obtained by
the RGB Relative algorithm with R/(R + G + B) > tg, and a threshold tg,, where
R, G and B denote the normalized red, green and blue values of a pixel. The pixels
showing lumen were obtained by (R+G+ B)/3 > tjum and a threshold ¢,,,. No distinct
segmentation of the regions showing myocytes was possible with basic segmentation
algorithms like RGB Relative. Hence r4 was not calculated for images of image set
[Ta. Threshold values for reasonable segmentation of the different tissue compartments

were empirically determined to be tg, = 0.64 and t},, = 0.9.
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In Figure the results for the collagen ratio r3 of the ground truth images of image
set ITa are shown. The blue bars indicate the mean values with the standard errors of the
means. S-W tests (o = 0.05) verified the normal distribution of the values within each
group. One-way ANOVA yielded significant differences for the means (p < 1078). Post-
hoc pairwise t-tests (Fisher’s LSD) showed significant differences (p < 0.01) between

the individual groups that are indicated with plus signs.

ry yielded significant differences between compact, no fibrosis/interstitial, and dif-

fuse/ patchy.
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Figure 12.4.: Mean collagen ratio r3 corresponding to the amounts of fibrosis in the ground
truth images of set ITa. For segmentation the parameters tg, = 0.64 and
tium = 0.9 were used. Significant differences (p < 0.01) between the groups
are indicated with a plus sign.
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12.2.3.2. Classification of Fibrosis with Fractal Methods

In Figures - the results of the three new pyramidal fractal dimension es-
timation algorithms (PTPM, PGM, PDM) as well as the in part I best-performing
standard approaches (Improved DBCM, HM) applied to the ground truth images of
image set ITa are shown. The blue bars indicate the mean values with the standard
errors of the means. S-W tests (a = 0.05) verified the normal distribution of the values
within each group. One-way ANOVA yielded significant differences for the means of all
tested fractal methods. p-values were very low (p < 107!1) for all D-values except for
Dy (p < 1073). Post-hoc pairwise t-tests (Fisher’s LSD) showed significant differences
(p < 0.01) between the individual groups that are indicated with plus signs in the

figures.

Dphilinear and D;iglple’bihnear yielded significant differences between no fibrosis, interstitial,
compact, and diffuse/patchy - see Figures and . Dbilinear viplded significant dif-
ferences between compact, patchy and the other types (no fibrosis /interstitial / diffuse) -
see Figure m Darved vielded significant differences between no fibrosis, interstitial
and the other types (compact /diffuse/patchy) - see Figure[12.8] Dy yielded significant
differences between no fibrosis and compact / diffuse/patchy as well as between inter-

stitial and diffuse - see Figure [12.9
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Figure 12.5.: Dl'gi%;;ear obtained for the ground truth images of set Ila. Significant differ-
ences (p < 0.01) between the groups are indicated with a plus sign.
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Figure 12.6.: D}}%‘,%near obtained for the ground truth images of set Ila. Significant differ-
ences (p < 0.01) between the groups are indicated with a plus sign.
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Figure 12.7.: D;igple’bﬂmear obtained for the ground truth images of set ITa. Significant dif-
ferences (p < 0.01) between the groups are indicated with a plus sign.
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Figure 12.8.: Dpp obtained for the ground truth images of set Ila. Significant differ-
ences (p < 0.01) between the groups are indicated with a plus sign.
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Figure 12.9.: Dy obtained for the ground truth images of set Ila. Significant differences
(p < 0.01) between the groups are indicated with a plus sign.
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12.2.3.3. Automated Classification of Fibrosis

For achieving the goal of an automated classification of the different types of fibrosis
the ranges for D- and r3-values, which acted as classification rules, were optimized
as described in chapter For each type of fibrosis these ranges were varied in
predefined regions that were based on the results presented in the previous sections.
Furthermore, the segmentation thresholds tg, and ), were varied within empirically
determined ranges, tg, from 0.58 to 0.66, and ty,,, from 0.82 to 0.98. The ranges which
resulted in a maximum number of correctly classified ground truth images Neop ot Were
taken as optimum values. In Tables and the optimum constant thresholds and
ranges of the fractal dimension D and collagen ratio r3 for an automated classification
of the ground truth images to the different types of fibrosis (no fibrosis, interstitial,
compact, diffuse, patchy) based on the applied fractal methods (PTPM, PDM, PGM
(simple kernel), improved DBCM, HM) are presented. In addition to Negygt also the
percentage of correctly classified ground truth images ngom gt is given. The optimum
ranges given in this and the following tables (12.2][12.3][12.5] [12.6)) are the classification

rules when a new image should be assigned to one of the types of fibrosis. They have

to be applied in the same order as they are listed in the tables. So first it has to be
checked whether the investigated image belongs to class no fibrosis. If not, the next

step is to check whether it belongs to class interstitial fibrosis, and so on.

Best results were obtained for the PDM and the improved DBCM with which 72% and

70% of all ground truth images were assigned to the correct type of fibrosis.

The optimum parameters were used for an automated classification of all images of
image set Ila. In Table the obtained results are compared to classifications of
each expert ¢ = 1,2. In addition to absolute (Neo;) and relative (ncoy ;) numbers of
concordantly assigned images, Krippendorft’s coefficients k,; are given as measures of

agreement, between automated and experts classifications.

Best results were obtained for the PDM (66% to 69% of all images assigned concord-
antly with the experts, k,;: 0.57 to 0.60) and the improved DBCM (64% to 69%, kqi:
0.55 to 0.61).
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Table 12.2.: Image set Ila - Optimized segmentation thresholds (¢gp, tjum) and ranges of
fractal dimension D and collagen ratio rg for an automated classification of the
ground truth images to the different types of fibrosis (no fibrosis, interstitial,
compact, diffuse, patchy) based on the applied fractal methods (PTPM, PDM,
PGM (simple kernel)). All thresholds and ranges were assumed to be constant
(see chapter [11.5.1)). Neorr gt denotes the absolute number, neorr gt the percent-
age of correctly classified images of the 63 ground truth images of image set

IIa.
PTPM PDM PGM
tab 0.66 0.60 0.64
tlum 0.90 0.90 0.90
no fibrosis | 1 = 05 r < 0.009 S
interstitial 72 22— [0.009,0.05] g =22
. D > 2.82 D >2.93 D > 285
compac rs > 0.02 rs > 0.05 rs > 0.09
diff D < 2.65 D < 2.87 D <281
Htuse r3 > 0.02 r3 > 0.05 r3 > 0.09
teh D =[2.65,2.82] D =[2.87,2.93] — [2.81,2.85]
patchy rs > 0.02 rs > 0.05 r3 > 0.09
Ncorr,gt 40 45 40
Neorr gt 64% 72% 64%
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Table 12.3.: Image set 1la - Optimized segmentation thresholds (tgp, tjum) and ranges of
fractal dimension D and collagen ratio r3 for an automated classification of
the ground truth images to the different types of fibrosis (no fibrosis, intersti-
tial, compact, diffuse, patchy) based on the applied fractal methods (improved
DBCM, HM). All thresholds and ranges were assumed to be constant (see
chapter . Neorr,gt denotes the absolute number, neorr gt the percentage
of correctly classified images of the 63 ground truth images of image set Ila.

DBCM HM
tan 0.62 0.62
tHum 0.98 0.82
no fibrosis rg < 0.005 rg < 0.006

interstitial | r3 = [0.005,0.03] 75 = [0.006,0.09]

compact rg > 0.31 rg > 0.33
diff D > 2.88 D < 2.72
tuse ry =[0.03,0.31] 73 = [0.09,0.33]
el D <288 D> 272
patchy rs = [0.03,0.31]  r3 = [0.09,0.33]
Ncorr,gt 44 40
Necorr,gt 70% 64%

Table 12.4.: Image set 1la - Concordantly classified images in absolute (Ncopr i) and relative
(Mcorr,i) numbers obtained with methods and ranges given in Tables and
In addition Krippendorft’s coefficients £, ; are given as measures of agree-
ment between automated and experts (i = 1,2) classifications. The agreement
between both experts was found to be kq 12 = 0.87 (63 out of 70 images, i.e.
90% assigned to the same groups, see section .

PTPM PDM PGM DBCM HM

Neowr1 | 41 46 42 45 43
Neowo | 44 48 43 48 43

Neorr,1 59% 66%  60% 64%  61%
Neorr,2 63% 69%  61% 69%  61%

ko 0.47 0.57 0.49 0.55 0.51
ka2 0.53 0.60  0.51 0.61  0.51
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In Tables and the optimum thresholds and ranges of the fractal dimension D
and collagen ratio r3 with thresholds for D assumed as linear functions of r3 (see chapter
for an automated classification of the ground truth images to the different types
of fibrosis (no fibrosis, interstitial, compact, diffuse, patchy) based on the applied fractal
methods (PTPM, PDM, PGM (simple kernel), improved DBCM, HM) are presented.
In addition to N gt also the percentage of correctly classified ground truth images

Neorr,gt 1S glven.

Best results were obtained for the PDM with which 76% of all ground truth images

were assigned to the correct type of fibrosis.

The optimum parameters were used for an automated classification of all images of
image set Ila. In Table the obtained results are compared to classifications of
each expert i = 1,2. In addition to absolute (Neoy ;) and relative (ney, ;) numbers of
concordantly assigned images, Krippendorft’s coefficients k,; are given as measures of

agreement between automated and experts classifications.

Best results were obtained for the PDM with which 71% to 73% of all images were
assigned concordantly with the experts (kq;: 0.64 to 0.66). The correlation between

the diagnoses of the human experts and the automated diagnosis with PDM is shown
in Tables [A.21] and [A.22)in the appendix
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Table 12.5.: Image set 1la - Optimized segmentation thresholds (¢gp, tjum) and ranges of
fractal dimension D and collagen ratio r3 for an automated classification of
the ground truth images to the different types of fibrosis (no fibrosis, intersti-
tial, compact, diffuse, patchy) based on the applied fractal methods (PTPM,
PDM). Thresholds for D were assumed as linear functions of r3 (see chapter
. Neorr,gt denotes the absolute number, ncorr gt the percentage of cor-
rectly classified images of the 63 ground truth images of image set 1la.

PTPM PDM
tn 0.66 0.60
tlum 090 090
D<28
. D < 2175 75 < 0.05
no fibrosis 15 < 0.004 or
15 < 0.009
) .. D> 28
D> (—1.121-73+3.137) D > (—0.2- 73 + 3.01)
compact s > 0.0193 rs > 0.05
. D < (~1.121-73+3.137) D < (=0.2- 75 + 3.01)
diffuse ry > 0.163 D < 2.869
D < (=1.121-7r343.137) D < (=0.2- 75+ 3.01)
patchy ry = [0.0193,0.163) D > 2.869
Ncorr,gt 43 48
68% 76%

ncorr, gt
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Table 12.6.:

Image set Ila - Optimized segmentation thresholds (g1, tum) and ranges of
fractal dimension D and collagen ratio rg for an automated classification of the
ground truth images to the different types of fibrosis (no fibrosis, interstitial,
compact, diffuse, patchy) based on the applied fractal methods (PGM (simple
kernel), improved DBCM, HM). Thresholds for D were assumed as linear func-
tions of 73 (see chapter . Ncorr,gt denotes the absolute number, neorr gt
the percentage of correctly classified images of the 63 ground truth images of
image set 1la.

PGM DBCM HM
tap 0.64 0.62 0.62
tum 0.90 0.98 0.82
. D <2194
no fibrosis rs < 0.005 rg3 < 0.005 rg3 < 0.006
interstitial ry < 0.024 rs = [0.005, 0.03] rs < 0.09
D> (-1312-r3+3.238) D<(0.7-r34+27) D> (—-04-r3+2.87)
compact rg > 0.024 ry > 0.11 ry > 0.09
diff D < (-1312-r3+3.238) D> (0.7-r3+27) D < (—04-r3+2.87)
1se rs > 0.19 D > 2.88 D < 2.705
atch D < (-1312-r3+3.238) D> (0.7-r3+27) D < (—0.4-r3+2.87)
patehy rs = [0.024,0.19] D <2388 D > 2.705
Ncorr,gt 43 45 43
Neorr.gt 68% 71% 68%
Table 12.7.: Image set ITa - Concordantly classified images in absolute (Ncorr,i) and relative

(Ncorr,i) numbers obtained with methods and ranges given in Tables and
In addition Krippendorff’s coefficients &, ; are given as measures of agree-
ment between automated and experts (i = 1,2) classifications. The agreement
between both experts was found to be kq 11 = 0.87 (63 out of 70 images, i.e.
90% assigned to the same groups, see section [12.2.1)).

PTPM PDM PGM DBCM HM

Neoea | 45 50 45 46 46
Neoro | 46 51 46 49 46

Neorr,1 64% 1%  64% 66%  66%
Neorr,2 66% 3%  66% 0%  66%

ka1 0.55 0.64 0.55 0.57  0.57
o2 0.57 0.66  0.57 0.62  0.57




128 12.3. Image Set Ilb

12.3. Image Set llb

12.3.1. Inter-rater Reliability

Inter-rater reliability for the classification of 110 images of set IIb classified by all three

experts yielded an agreement (Krippendorft’s coefficient k) of
ko 1m3 = 0.70.

In total 73, i.e. 66% out of the 110 images were classified concordantly and were used
as the ground truth in the following steps. The correlation between the diagnoses of the
experts is shown in Tables [A.23] [A.24] and [A.25]in the appendix [A.3.2] Most disagree-
ments occurred between the types diffuse and interstitial (10 of 37 disagreements),
no fibrosis and interstitial (8/37), and between compact and patchy (8/37). From the

concordantly assigned images, 8 were assigned to no fibrosis, 15 to interstitial, 24 to

compact, 10 to diffuse, and 16 to patchy.

When neglecting the classification of the least experienced observer, i.e. including only

the rating by the two same experts as for set Ila, a value of
ko 1mb2 = 0.76

was found. 89, i.e. 81% out of the 110 images were classified concordantly. Most dis-
agreements occurred between the types diffuse and interstitial (7 of 21 disagreements),

compact and patchy (4/21), and between no fibrosis and interstitial (3/21).

12.3.2. Classification of Fibrosis
12.3.2.1. Classification of Fibrosis with Pixel Ratios

For image set ITb the segmentation of the pixels showing fibrosis was obtained by the
RGB Relative algorithm with B > R + (1 — tap), tap denoting a sensitivity threshold.
The pixels showing lumen were obtained by (R+G+ B)/3 > tjum with a threshold ¢),,,.
Segmentation of the pixels showing myocytes was obtained by R/(R + G + B) > tyo
with a threshold ¢,y,. Threshold values for reasonable segmentation of the different
tissue compartments were empirically determined to be tg, = 0.9, tjun = 0.9, and
tmyo = 0.38.
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In Figure the results for the collagen ratios 3 and r4 of the ground truth images
of image set IIb are shown. The blue bars indicate the mean values with the standard
errors of the means. S-W tests (o = 0.05) verified the normal distribution of the values
within each group. One-way ANOVA yielded significant differences for the means (r3:
p < 1071 ry: p < 107%). Post-hoc pairwise t-tests (Fisher’s LSD) showed significant
differences between the individual groups that are indicated with asterisks (p < 0.001)
or plus signs (p < 0.01).

r3 yielded significant differences between compact, diffuse/patchy, and no fibrosis /interstitial

- see Figure [12.10al r, yielded significant differences between compact and all other
types no fibrosis/interstitial / diffuse/patchy - see Figure [12.10b
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(a) r3, tap = 0.9, tjum = 0.9. (b) T4, tan, = 0.9, tmyo = 0.38.

Figure 12.10.: Mean collagen ratios r3 (a) and r4 (b) corresponding to the amounts of
fibrosis in the ground truth images of set IIb. Significant differences between
the groups are indicated with asterisks (p < 0.001) or plus signs (p < 0.01).

12.3.2.2. Classification of Fibrosis with Fractal Methods

In Figures [12.11] - [12.15] the results of the three new pyramidal fractal dimension es-
timation algorithms (PTPM, PGM, PDM) as well as the in part I best-performing
standard approaches (Improved DBCM, HM) applied to the ground-truth images of
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image set ITb are shown. The blue bars indicate the mean values with the standard
errors of the means. S-W tests (o = 0.05) verified the normal distribution of the val-
ues within each group. One-way ANOVA yielded significant differences (p < 107%) for
the means of all tested methods except Di%)éoved (p > 0.39). Post-hoc pairwise t-tests
(Fisher’s LSD) showed significant differences (p < 0.01) between the individual types

of fibrosis that are indicated with plus signs in the figures.

DBlinear and DieP PR ohowed significant differences between compact and all other
types, between interstitial and diffuse and between diffuse and patchy - see Figures
[12.11] and [12.13] Dilirear and Dy showed significant differences between compact, dif-
fuse and the other types (no fibrosis/interstitial / patchy) - see Figures[12.12]and [12.15]

D};“Bpg’ved showed no significant differences between the types of fibrosis (One-way AN-

OVA: p > 0.39) - see Figure [12.14
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Figure 12.11.: D]f,i%{%ear obtained for the ground truth images of set IIb. Significant differ-
ences (p < 0.01) between the groups are indicated with a plus sign.
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Figure 12.12.: D%’,ignear obtained for the ground truth images of set IIb. Significant differ-
ences (p < 0.01) between the groups are indicated with a plus sign.
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Figure 12.13.: Dy, obtained for the ground truth images of set IIb. Significant
differences (p < 0.01) between the groups are indicated with a plus sign.
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Figure 12.14.: D~ obtained for the ground truth images of set IIb. No significant
differences between the groups were found (One-way ANOVA: p > 0.39).
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Figure 12.15.: Dy obtained for the ground truth images of set IIb. Significant differences
(p < 0.01) between the groups are indicated with a plus sign.

12.3.2.3. Automated Classification of Fibrosis

For achieving the goal of an automated classification of the different types of fibrosis
the ranges for D-, r3-, and r4-values, which acted as classification rules, were optimized
as described in chapter For each type of fibrosis these ranges were varied in
predefined regions that were based on the results presented in the previous sections.
Furthermore, the segmentation thresholds tgy,, tjum and ¢y, were varied within empir-
ically determined ranges, ¢4, from 0.58 to 0.66, tjum from 0.82 to 0.98, and ?,,y, from
0.36 to 0.40. The ranges which resulted in a maximum number of correctly classified
ground truth images Neor gt Were taken as optimum values. In Table the optimum
constant thresholds and ranges of the fractal dimension D and collagen ratio r3 for an
automated classification of the ground truth images to the different types of fibrosis
(no fibrosis, interstitial, compact, diffuse, patchy) based on the applied fractal methods
(PTPM, PDM, PGM (simple kernel), HM) are presented. Table[12.10]shows the results
with collagen ratio r,. DBCM showed no significant differences of Disi™*® between the
different types of fibrosis and is therefore not included in these tables. In addition to
Neorr gt also the percentage of correctly classified ground truth images 7. gt is given.
The optimum ranges given in this and the following tables (12.8] [12.10} [12.12] [12.13]
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, are the classification rules when a new image should be assigned to one
of the types of fibrosis. They have to be applied in the same order as they are given
in the tables. So first it has to be checked whether the investigated image belongs to
class no fibrosis. If not, the next step is to check whether it belongs to class interstitial

fibrosis, and so on.

The investigated methods yielded comparable results with 73% to 75% (r3) and 71%
to 74% (ry4) correctly assigned ground truth images, the results obtained including

collagen ratio r3 being slightly better than with ry.

The optimum parameters were used for an automated classification of all images of

image set IIb. In Tables [12.9 and [12.11] the obtained results are compared to classific-

ations of each expert i = 1,2, 3. In addition to absolute (Neoy;) and relative (neopy;)
numbers of concordantly assigned images, Krippendorff’s coefficients k,; (comparison
with one expert) and k,|;; (comparison with two experts) are given as measures of

agreement between automated and experts classifications.

Comparable results were obtained for all investigated methods, being slightly better
with collagen ratio r3 (61% to 67% of all images assigned concordantly with the experts,
Ko i : 0.53 to 0.63) than with ry (56% to 65%, ka,fij : 0.51 to 0.63).
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Table 12.8.:

Image set IIb - Optimized segmentation thresholds (tgp, tjym) and ranges of
fractal dimension D and collagen ratio r3 for an automated classification of
the ground truth images to the different types of fibrosis (no fibrosis, intersti-
tial, compact, diffuse, patchy) based on the applied fractal methods (PTPM,
PDM, PGM (simple kernel), HM). All thresholds and ranges were assumed to
be constant (see chapter . Neorr gt denotes the absolute number, ncorr gt
the percentage of correctly classified images of the 73 ground truth images of
image set IIb.

PTPM PDM PGM HM
tan 0.80 0.75 0.80 0.90
tlum 0.98 0.94 0.94 0.90
no fibrosis rg < 0.022 rg < 0.023 rg < 0.021 rqg < 0.057
interstitial | 73 = [0.022,0.08] 75 = [0.023,0.06] 73 =[0.021,0.08] 73 = [0.057,0.15]
compact rs > 0.27 rs > 0.24 rg > 0.28 72 % (Q)Ig
G D < 2.77 D < 2.84 D < 2.77 D < 2.64
tuse ry =[0.08,0.27] 73 =[0.06,0.24] 13 = [0.08,0.28] ry > 0.15
ceh D >2.77 D >2.84 D > 2.77 D = [2.64,2.73)
patchy ry = [0.08,0.27] 73 =1[0.06,0.24] 3 = [0.08,0.28] rg > 0.15
Neorr gt 53 53 55 54
Neorr st 73% 73% 75% 74%
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Table 12.9.: Image set IIb (110 images) - Concordantly classified images in absolute
(Neorr,i) and relative (ncorr;) numbers obtained with methods and ranges given
in Table In addition Krippendorff’s coefficients k, |; ;) are given as meas-
ures of agreement between automated and experts ([¢, j] = 1,2, 3) classifica-
tions (single index i: comparison with one expert 4, double index [i, j]: compar-
ison with two experts i and j). The agreement between all three experts was
found to be kg 1,3 = 0.70 (see section [12.3.1]).

PTPM PDM PGM HM

Ncorr,l 69 70 70 72
Neorr 2 67 68 67 66
Ncorr,?) 70 69 74 73

Moy | 63%  64%  64% 65%
Neoma | 61%  62%  61% 60%
Neoms | 64%  63%  67% 66%

ko 0.52 0.54 053 0.55
koo 0.50 0.52 0.50 0.48
ko3 0.53 0.53 0.57 0.56

kopg | 059 061 060 0.60
kamg | 061 061 063 0.63
kopg | 053 054 055 0.54
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Table 12.10.: Image set 1Ib - Optimized segmentation thresholds (¢, tmyo) and ranges of
fractal dimension D and collagen ratio r4 for an automated classification of
the ground truth images to the different types of fibrosis (no fibrosis, intersti-
tial, compact, diffuse, patchy) based on the applied fractal methods (PTPM,
PDM, PGM (simple kernel), HM). All thresholds and ranges were assumed to
be constant (see chapter . Neorr,gt denotes the absolute number, ncorr gt
the percentage of correctly classified images of the 73 ground truth images of

image set IIb.

PTPM PDM PGM HM
tan 0.70 0.85 0.85 0.90
tmyo 0.38 0.38 0.38 0.38
no fibrosis | 1 = o0 ry < 0.05 ry < 0.05 ry < 0.085
interstitial | )~ go8 ra=[005,021] £y =[0.05,021] r,=[0.085,0.24]
. = 0.50 D > 2.88 D> 283 D> 273
compac ra Z U ry > 0.21 ry > 0.21 ry > 0.24
diff D <277 D <281 D < 2.76 D < 2.64
Hse r4 = [0.08,0.50) ry >0.21 ry > 0.21 ry > 0.24
weh D>277  D=[281,2.88) D =[2.76,2.83) D =2.64,2.73)
batchy 7, = [0.08,0.50) ry > 0.21 ry > 0.21 ry > 0.24
Noorr.gt 52 52 53 54
Neorr gt 1% 1% 73% 74%
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Table 12.11.: Image set 1Ib (110 images) - Concordantly classified images in absolute
(Ncorr,i) and relative (ncorr,i) numbers obtained with methods and ranges
given in Table . In addition Krippendorff’s coefficients k, [; ;) are given
as measures of agreement between automated and experts ([z,j] = 1,2,3)
classifications (single index i: comparison with one expert i, double index
[i, 7]: comparison with two experts ¢ and j). The agreement between all three
experts was found to be kq 11p,3 = 0.70 (see section [12.3.1).

PTPM PDM PGM HM

Ncorr,l 66 66 68 71
corr,2 67 62 65 67

corr,3 62 69 69 72
Neorr,1 60% 60%  62% 65%
Neors | 61%  56%  59%  61%
Neorr,3 56% 63% 63% 65%
ko 0.50 048 051 0.54
o2 051 043 047 0.50
0,3 0.45 0.51 051 0.55
kopz | 059 056 058  0.60
wis | 058 059  0.60 0.63
w2y | 051 051 052 0.54
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In Tables [12.12] [12.13] [12.15] and the optimum thresholds and ranges of the
fractal dimension D and collagen ratios r3 and r, with thresholds for D assumed as
linear functions of r3, ry (see chapter for an automated classification of the
ground truth images to the different types of fibrosis (no fibrosis, interstitial, compact,
diffuse, patchy) based on the applied fractal methods (PTPM, PDM, PGM (simple
kernel), improved DBCM) are presented. Again DBCM yielded much worse results

and is therefore not included in these tables. In addition to N gt also the percentage

of correctly classified ground truth images ncom gt is given.

The investigated methods yielded comparable results with 78% to 82% (r3) and 81%

to 82% (ry) correctly assigned ground truth images.

The optimum parameters were used for an automated classification of all images of
image set ITb. In Tables and the obtained results are compared to classi-
fications of each expert ¢ = 1,2, 3. In addition to absolute (Neoy;) and relative (ncor.:)
numbers of concordantly assigned images, Krippendorff’s coefficients k,; (comparison
with one expert) and k,[;; (comparison with two experts) are given as measures of

agreement between automated and experts classifications.

Comparable results were obtained for all investigated methods. Methods including
collagen ratio 73 resulted in 61% to 73% (ka5 : 0.57 to 0.67), methods including r4 in
62% to 71% (kq,j : 0.57 to 0.67) of all images assigned concordantly with the experts.
The correlation between the diagnoses of the human experts and the best automated
diagnosis with a pyramidal method (PGM,ry4) is shown in Tables [A.26] |A.27| and [A.2§|
in the appendix [A.3.2] Most disagreements occurred between the types compact and

patchy (automated diagnosis yielded more often patchy instead of compact than vice
versa), no fibrosis and interstitial (automated diagnosis yielded more often interstitial

instead of no fibrosis than vice versa), and interstitial and diffuse.
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Table 12.12.: Image set 1Ib - Optimized segmentation thresholds (¢gp, tjum) and ranges of
fractal dimension D and collagen ratio r3 for an automated classification of
the ground truth images to the different types of fibrosis (no fibrosis, intersti-
tial, compact, diffuse, patchy) based on the applied fractal methods (PTPM,
PDM). Thresholds for D were assumed as linear functions of 3 (see chapter
. Neorr,gt denotes the absolute number, ncorr gt the percentage of cor-
rectly classified images of the 73 ground truth images of image set IIb.

PTPM PDM
tan 0.70 0.70
tlum 0.88 0.98
o fibrosis D = [2.810,2.827] D =[2.899,2.909]
1o Hbrosi rs < 0.022 r3 < 0.0168
interstitial rg < 0.049 rg < 0.0474
D > (—4.273-r3+3.716) D > (—4.3776 - r3 + 3.6458)
compact rs > 0.049 rs > 0.0474
D < (—4.273-r3 4+ 3.716) D < (—4.3776 - r3 + 3.6458)
diffuse D < 2.759 D < 2.8386
rs > 0.049 rs > 0.0474
D < (—4.273-r3+3.716) D < (—4.3776 - r3 + 3.6458)
patchy D > 2.759 D > 2.8386
T3 Z 0.049 T3 Z 0.0474
Ncorr,gt 29 60

ncorr,gt 81% 82%
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Table 12.13.: Image set IIb - Optimized segmentation thresholds (tgy, tjum) and ranges of
fractal dimension D and collagen ratio r3 for an automated classification of
the ground truth images to the different types of fibrosis (no fibrosis, inter-
stitial, compact, diffuse, patchy) based on the applied fractal methods (PGM
(simple kernel), HM). Thresholds for D were assumed as linear functions of
r3 (see chapter . Neorrgt denotes the absolute number, ncorr,gt the per-
centage of correctly classified images of the 73 ground truth images of image

set IIb.
PGM HM
ten 0.80 0.90
tlum 094 090
1o fibrosi D =[2.801,2.821] D = [2.681,2.713]
O 1bIOsIs rs < 0.034 r3 < 0.091
interstitial rg < 0.082 rg < 0.13
D>(-14-r3+3.16) D> (—0.18-r3+2.77)
compact ry > 0.082 rq > 0.13
D < (-14-r343.16) D < (-0.18-r3+2.77)
diffuse D < 2.768 D < 2.64
rs > 0.082 ry > 0.13
D<(—14-r34316) D < (-0.18-r3+2.77)
patchy D > 2.768 D > 2.64
r3 > 0.082 rs3 > 0.13
Ncorr,gt 57 60
78% 2%

ncorr, gt
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Table 12.14.: Image set 1Ib (110 images) - Concordantly classified images in absolute
(Ncorr,i) and relative (ncorr,i) numbers obtained with methods and ranges
given in Tables[12.12 and [12.13] In addition Krippendorff’s coefficients
ki) are given as measures of agreement between automated and experts
([i,7] = 1,2,3) classifications (single index i: comparison with one expert

i, double index [i, j|: comparison with two experts ¢ and j). The agreement
between all three experts was found to be kq 1,3 = 0.70 (see section .
PTPM PDM PGM HM

Ncorr,l

corr,2

corr,3

Neorr,1
Necorr,2
Necorr,3

ka,l

a,2

a,3

Fa,n2
«,[1,3]
«,[2,3]

75
68
80

68%
62%
73%

0.59
0.51
0.65

0.62
0.67
0.58

76
70
76

69%
64%
69%

0.61
0.54
0.60

0.63
0.66
0.57

74
67
78

67%
61%
1%

0.58
0.50
0.62

0.61
0.66
0.56

73
72
75

66%
65%
68%

0.57
0.56
0.59

0.63
0.65
0.58
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Table 12.15.: Image set 1Ib - Optimized segmentation thresholds (¢, tmyo) and ranges of
fractal dimension D and collagen ratio r4 for an automated classification of
the ground truth images to the different types of fibrosis (no fibrosis, intersti-
tial, compact, diffuse, patchy) based on the applied fractal methods (PTPM,
PDM). Thresholds of D were assumed as linear functions of 4 (see chapter
. Neorr,gt denotes the absolute number, ncorr gt the percentage of cor-
rectly classified images of the 73 ground truth images of image set IIb.

PTPM PDM
tan 0.70 0.85
tmyo 0.38 0.38
o fibrosis D = [2.810,2.827] D =[2.891,2.917]
10 1bIOs ry < 0.032 ry < 0.074
interstitial ry < 0.085 ry < 0.18
D> (-0.09-r,4+293) D> (-0.075-ry+ 2.97)
compact ry > 0.085 ry > 0.18
D < (-0.09-r,42.93) D < (-0.075-ry+ 2.97)
diffuse D < 2.76 D < 2.82
ry > 0.085 ry > 0.18
D < (-0.09-r,4+2.93) D < (-0.075-ry 4+ 2.97)
patchy D > 276 D > 2.82
ry > 0.085 ry > 0.18
Ncorr,gt 59 59
ncorr,gt 81% 81%
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Table 12.16.: Image set 1Ib - Optimized segmentation thresholds (¢g1,, tmyo) and ranges of
fractal dimension D and collagen ratio r4 for an automated classification of
the ground truth images to the different types of fibrosis (no fibrosis, inter-
stitial, compact, diffuse, patchy) based on the applied fractal methods (PGM
(simple kernel), HM). Thresholds of D were assumed as linear functions of
r4 (see chapter . Neorr,gt denotes the absolute number, neorr g the per-
centage of correctly classified images of the 73 ground truth images of image

set 1Ib.
PGM HM
ten 0.85 0.90
tmyo 0.38 0.38
fibrosi D = [2.802,2.822] D = [2.674,2.720]
1O BIosIs 4 < 0.09 ry < 0.12
interstitial ry < 0.18 ry < 0.24
D> (-0.08-r4+292) D> (—0.065-1r4+ 2.76)
compact ry > 0.18 ry > 0.24
D < (-0.08-r;4+2.92) D < (—0.065-r,+ 2.76)
diffuse D < 2.76 D < 2.64
ry > 0.18 ry > 0.24
D < (-0.08-r;42.92) D < (—0.065-ry+ 2.76)
patchy D > 2.76 D > 2.64
ry > 0.18 ry > 0.24
Ncorr,gt 59 60
Neorr,gt 81% 2%



12.3. Image Set Ilb

145

Table 12.17.: Image set IIb (110 images) - Concordantly classified images in absolute
(Neorr,i) and relative (neorr,) numbers obtained with methods and ranges
given in Tables [12.15] and [12.176] In addition Krippendorff’s coefficients

ko, [i,j] are given as measures of agreement between automated and experts

([i, 7] = 1,2,3) classifications (single index i: comparison with one expert

i, double index [z, j]: comparison with two experts i and j). The agreement
between all three experts was found to be kg 11b,3 = 0.70 (see section [12.3.1]).

pPpTPM PDM PGM HM

Ncorr,l

corr,2

corr,3

Necorr,1
Necorr,2
Neorr,3

koz,l
a,2
koc,?)

o[

T T

1,2)
o,[1,3

,[2,3

75 75 76 78
68 70 71 74
68 76 78 7

68% 68% 69% T1%
62% 64%  65% 67%
62% 69% 71% 70%

0.59 0.59 0.61 0.63
0.51 0.53 0.55 0.58
0.65 0.60 0.63 0.61

0.62 0.63 0.64 0.66
0.67 0.66 0.67 0.67
0.58 0.57 0.58 0.59
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The agreement between human experts and the automated classification with the best
performing pyramidal method (PGM, r4, thresholds as given in Table is illus-
trated graphically by comparing the results for the 99 tiles of the single whole-slide
scan of image set IIb (see section Figure . In Figure the agreement
between the human experts is depicted (71% to 86% agreement), Figure shows
the agreement between automated diagnosis and each human expert (67% to 74%

agreement).

(a) Expert 1 vs. 2 (b) Expert 1 vs. 3 (c) Expert 2 vs. 3

Figure 12.16.: lllustration of the agreement between human experts 1,2 and 3 for the tiles
of the single whole-slide scan of image set IIb (see section Figure
. The squares with green overlay indicate concordantly classified im-
ages, squares with red overlay indicate regions assigned to different types of
fibrosis (5 classes: no fibrosis, interstitial, compact, diffuse, patchy fibrosis).

Bl

(a) Expert 1 vs. auto (b) Expert 2 vs. auto (c) Expert 3 vs. auto

Figure 12.17.: Tllustration of the agreement between human experts (1,2,3) and automated
diagnosis (PGM, ry4, thresholds as given in Table for the tiles of the
single whole-slide scan of image set IIb (see section , Figure . The
squares with green overlay indicate concordantly classified images, squares
with red overlay indicate regions assigned to different types of fibrosis (5
classes: no fibrosis, interstitial, compact, diffuse, patchy fibrosis).



13. Conclusion - Part ||

The second part of this thesis presented the application of image analysis, especially

fractal methods to histological images of the heart.

Firstly, image set I including 40 histological images (20 control, 20 fibrosis, stained with
Masson’s Trichrome) of human hearts that had suffered from ischemic heart disease
was investigated. With two different segmentation algorithms (Colour Deconvolution,
RGB Relative) and three different collagen ratios the amount of connective tissue was
quantified. The results showed significantly higher amounts for the fibrosis group than
for the control group. The binary Pyramid Method was used to calculate the fractal
dimension Dp of the images. Dp = 1.65 4+ 0.10 was obtained for the fibrosis group.
This significantly different value compared to the control group is in the same range

as values obtained for liver fibrosist2?.

Secondly, image sets Ila (70 images, Picrosirius Red) and IIb (110 images, Gieson’s
Trichrome) of human hearts showing myocardial fibrosis were investigated. Experts
assigned the images to five different types of fibrosis (no fibrosis, interstitial, compact,
diffuse, patchy). Concordantly classified images were used as ground truth. Collagen
ratios (r3: collagen vs. lumen; r4: collagen vs. myocytes) and D-values based on the best-
performing fractal dimension estimation algorithms evaluated in the first part of this
thesis (PTPM, PDM, PGM, DBCM, HM) were calculated. An automated classification
algorithm was developed and optimized by finding the best performing thresholds for
collagen ratios (constant) and D-values (constant or linear function of collagen ratios)

for the assignment rules for the ground truth images.

For image set Ila, significant differences between most of the different types of fibrosis
were obtained for all but the HM. The best performing automated classification (rs,
PDM, linear function thresholds) resulted in 71% to 73% of all images assigned in
accordance with the human experts (Krippendorft’s coefficient k, = 0.64 — 0.66). The
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accordance between the experts was better with 90% of all images classified concord-
antly <ka,Ha = 087)

For image set IIb, significant differences between most of the different types of fibrosis
were obtained for all but the DBCM. All methods based on thresholds for D-values
as linear function of collagen ratios yielded the best results with 61% to 73% of all
images assigned in accordance with the human experts (Krippendorff’s coefficient k., =
0.57 — 0.67). The accordance between the experts was slightly better with 66 — 83% of

the images classified concordantly (k43 = 0.70).

Most disagreements between automated and expert classification occurred between the
types compact and patchy (automated diagnosis yielded more often patchy instead of
compact than vice versa), no fibrosis and interstitial (automated diagnosis yielded more
often interstitial instead of no fibrosis than vice versa), and interstitial and diffuse. Also
the classifications of the experts showed their least agreements for exactly the same

combinations.

Although the agreement between the human experts was better than for the developed
automated diagnosis, it can be concluded that the presented results verified the second
hypothesis proposed in this thesis: The estimated fractal dimension of histological im-
ages can be used as a parameter for a classification of different types of myocardial

fibrosis.



Part |I1.

Conclusion and Outlook






14. Conclusion and Discussion

In the first part of this thesis the hypothesis "Fractal dimensions of grey value im-
ages can be reliably estimated by a pyramidal approach. This pyramidal approach has
shorter computational times than standard approaches.” was verified. Therefore three
new pyramidal approaches for fractal dimension (D) estimation were developed and
tested, namely the Pyramid Triangular Prism Method (PTPM), the Pyramid Gradient
Method (PGM), and the Pyramid Differences Method (PDM). The new methods as
well as five non-pyramidal methods were applied to artificially created images. It was
shown that all new pyramidal methods yield reasonable D-values in rather fast com-
putational times. Best results were obtained with the PDM with bilinear interpolation,
which also showed fastest computational times in addition to its high agreement with

theoretical D-values and D variation ranges.

In the second part of this thesis the new methods were applied to histological images
of the human heart. The proposed automated classification algorithms used estimated
fractal dimension values and two different collagen ratios to assign histological images of
the myocardium to five different types of fibrosis. Tests were performed on two different
image sets (IIa, IIb), which were stained with different colours (Ila: Picrosirius Red,
ITb: Gieson’s Trichrome). For image set I1a the best-performing automated classification
utilized the PDM together with linear function thresholds and resulted in 71% to 73% of
all images assigned in accordance with the human experts (Krippendorff’s coefficient
ko = 0.64 — 0.66). The accordance between the experts was better with 90% of all
images classified concordantly (k, 1. = 0.87). For image set IIb all fractal methods and
collagen ratios with linear function thresholds yielded comparable results with 61%
to 73% of all images assigned in accordance with the human experts (Krippendorff’s
coefficient k, = 0.57 — 0.67). The accordance between the experts was slightly better
with 66 — 83% of the images classified concordantly (k,ms = 0.70). However, with

these results the second hypothesis "The estimated fractal dimension of histological
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images can be used as a parameter for a classification of different types of myocardial

fibrosis. ", was verified.

Since both the automated as well as the experts among each other showed main dis-
agreements for the differentiation between no fibrosis and interstitial, interstitial and
diffuse, and compact and patchy, an automated classification system based on values
obtained from image analysis methods may actually result in more reproducible out-

comes than a classification by humans.

14.1. Limitations of this Study

The three new pyramidal fractal dimension estimation algorithms were evaluated em-
pirically by applying them to artificially created images. These artificially generated
images were interpreted as images with known (theoretical) fractal dimensions, i.e. as
representations of theoretical fractals. Since any digital image has the intrinsic prop-
erty of not being able to replicate structures until infinity (finite image/pixel size,
borders/discontinuities, ...), these artificial images can be at most seen as approxim-
ations to theoretical fractals. Thus the method of evaluating the algorithms by com-
paring their outcomes to theoretical values is debatable. However, similar approaches
for estimating fractal dimensions were used successfully in the past, hence it seems

reasonable to use this approach for the present study.

Furthermore, in this study fractal methods were only tested on square images, neg-
lecting possible influences from rectangular shapes. Including all influences from non-
square image sizes would lengthen every section, making definitions and descriptions
more complicated and worsen readability. Since the intended audience of this thesis
might have a more medical than mathematical background, the restriction to square

images seems appropriate for this work.

The used collagen ratios were obtained by using rather simple image segmentation
algorithms. Although this resulted in fast computation times, more advanced segment-

ation algorithms would probably improve the outcome.

Regarding the automated classification of myocardial fibrosis it has to be noted that
fibrosis typically does not exhibit only one particular pattern type but may be a com-

position of the different types. Due to this fact it is obvious that although fibrosis is
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often classified, a uniform and exact classification of different types of fibrosis is de-
batable. In addition, the images of set IIb showed a large percentage of longitudinal
sections and just a few transverse sections which made a differentiation between the
types difficult for the human experts - and maybe also for the developed automated
classification algorithm. For that reason, to further improve statistics and to perfect
the proposed automated classification algorithms, it would be desirable to use a larger

number of images classified by experts.






15. Outlook

Especially because of the good results obtained with the new pyramidal fractal methods
(PTPM, PDM, PGM), a more theoretical /mathematical description of them, probably
based on the Hausdorff-Besicovitch Dimension would be desirable. Furthermore, ex-
tensive studies would be required to analyse influences from non-square image sizes or

border effects.

For testing the proposed automated classification algorithm, a selection of images (Ila:
70, IIb: 110) out of the thousands of available images were used since an expert clas-
sification of all images would have been too laborious. However, in the future a higher
number of classified images would improve the proposed automated classification al-
gorithms. Furthermore, more advanced segmentation algorithms and optimization pro-
cedures to obtain rules for the assignment of the images to the different classes may

also enhance the outcome.

Another important step would be to take a closer look at the images that could not be
automatically assigned in accordance with the human experts. Together with experts,
the classification rules could be revised to improve the automated classification system.
Based on this improvement more reproducible results than obtained from different

expert may be achieved.

The main future goal is to use the proposed techniques in practice in order to support
researchers and pathologists. Hence a main next step is to integrate the methods in a

user-friendly software package that can be easily used.
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A.1. Staining Protocols

A.1.1. Sirius Red Staining Protocol

e Deparaffinize and rehydrate
e Wash in distilled water

e Stain with solution of Celestine Blue - 7 min
Celestine Blue: 50 ml of 5% alum feather + 0.25 g Celestine Blue:
cook 3 min, then filter and add 7 ml glycerol

e Transfer sections directly into Haematoxylin (German: Hdmalaun) - 7 min
e Differentiate shortly inhydrochloric acid
e Blueing - 5-10 min

e Stain with Picrosirius Red (0.1% Siriusred (Siriusrot F3BA Chroma 1 A 280) in
saturated picric acid (15 g picric acid + 950 ml distilled water)) - 30 min

e Dehydrate in three changes of 100% ethanol

e Clear in xylene and mount in a resinous medium
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A.1.2. Gieson’s Trichrome Staining Protocol

e Deparaffinize and rehydrate

e Wash in distilled water

e Stain with Gieson’s dye - 2 min
e Blueing with hot water - 5 min
e 0.5% - 1% acetic acid - 1 min

e Blueing with hot water - 5 min

e Stain with trichrome solution (1 part solution A + 3 parts solution B)- 5 min
solution A: 1 g Fuchsine acid + 0.5 ml acetic acid + 100 ml distilled water
solution B: 1 g Ponceau de Xylidine + 1 ml acetic acid + 100 ml distilled water

e Rinse shortly in distilled water
e Drop phosphomolybdic acid on the sections - 1 min
e Physically remove liquid, no rinsing

e Drop Aniline Blue acid on the sections - 1 min
Aniline Blue acid: 0.5 g Anilin Blue + 2.5 ml acetic acid + 100 ml dist. water

e Rinse in distilled water
e Dehydrate through alcohol with increasing concentration

e Mount in a resinous medium
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A.2. Evaluation of Fractal Algorithms

In the following Tables the results of the grey value image fractal dimension
D estimation methods are given for the three best, individually optimized scale-ranges.
Optimization was performed by minimizing the root-mean-square deviation (RMSD)
of the estimated and theoretically known D-values of the artificially created images
over all three generators (Midpoint Displacement (MD), Fourier Filtering (FFT), Tak-
agi Surfaces (Takagi)), separately for each image size. The quality of fit of the linear
regression model (see section is given as the coefficient of determination R?. For
each method exemplary log-log plots are shown (Figures . In these figures,
measures obtained for three different images (theoretical D-values: 2.1, 2.5, and 2.9,
created with MD, 2048 x 2048 pixels) are given together with the over all generators

and image sizes optimized scale-ranges and the corresponding linear regressions.
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A.2.1. Box-Counting Methods

Table A.1.: RMSD and R? fit for the three best scale ranges obtained with the standard
DBCM for each image size separately given for each generator (MD, FFT, Tak-
agi). The scale values are given as exponents of 2, i.e. scales= 4 — 8 — s =

2t — 28,
MD FFT Takagi
image size  scales | RMSD R* fit | RMSD R*fit | RSMD RZ fit
4—8 0.16 099+0.01] 0.16 0.9940.01| 0.14 0.99
512 x 512 3—28 0.17 0994+0.01| 0.15 0.99+£0.01 | 0.15 0.99
5—38 0.15 09940.01 | 0.18 0.99+£0.01| 0.14 0.99
4—-9 0.14 09940.01] 0.15 0.99+0.01| 0.13 0.99
1024 x 1024 5 -8 0.15 099+0.01| 0.14 0.9940.01| 0.13 0.99
5—9 0.14 099+0.01] 0.16 0.9940.01| 0.13 0.99
5—38 0.13 09940.01| 0.12 0.99+£0.01| 0.11 0.99
2048 x 2048 4—10| 0.13 0.99+0.01| 0.13 09940.01 | 0.12 0.99
5—9 0.14 09940.01| 0.13 0.99+£0.01 | 0.12 0.99
5—38 0.11  099+0.01] 0.11 0.9940.01 | 0.11 0.99
4096 x 4096 5 —9 0.12 099+0.01| 0.11 0.9940.01| 0.10 0.99
6—9 0.12  09940.01 | 0.12 0.99+£0.01 | 0.10 0.99
20 .
18} * |
16} X
O
14t .
é’ 12
S 10

21 25 29 | Dereation, MD
O x % |measures Ng i
(@) % | Ngfor lin. regression

e —— | linear regression

3 4 5 6 7
log(1/r)
Figure A.1.: Exemplary log-log plot showing measures (N, scaling variable r) obtained
with the standard DBCM for three different images (theoretical D-values: 2.1
(circles), 2.5 (crosses), and 2.9 (stars), created with MD, 2048 x 2048 pixels).
Coloured markers indicate optimized scale-ranges that were used for fitting
linear regressions (solid lines).
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Table A.2.: RMSD and R? fit for the three best scale ranges obtained with the improved
DBCM for each image size separately given for each generator (MD, FFT, Tak-
agi). The scale values are given as exponents of 2, i.e. scales= 4 — 8 — s =

24 — 28,
MD FFT Takagi

image size  scales | RMSD R* fit | RMSD R*fit | RSMD RZ fit
4 -7 0.11 0.99 +0.01 0.16 0.99+0.01 0.11 0.99

512 x 512 3-8 0.12 0.99+0.01 0.16 0.99+0.01 0.11 0.99
4—8 0.10 0.99+£0.01 0.18 0.99 £0.01 0.11 0.99

4—8 0.10 0.99+£0.01 0.14 0.99+0.01 0.10 0.99

1024 x 1024 4 -7 0.10 0.99+0.01 0.13 0.99+0.01 0.11 0.99
5—38 0.08 0.99+0.01 0.16 0.99+0.01 0.09 0.99

5—38 0.08 0.99+0.01 0.13  0.99 £0.01 0.09 0.99

2048 x 2048 4 —9 0.09 0.99+£0.01 0.13 0.99 £0.01 0.09 0.99
5—9 0.08 0.99+£0.01 0.14 0.99+0.01 0.09 0.99

5—9 0.07 0.99+£0.01 0.12 0.99+0.01 0.08 0.99

4096 x 4096 5 —38 0.08 0.99+0.01 0.11 0.99 +0.01 0.09 0.99
6—9 0.07 0.994+0.01| 013 0.99=£0.01| 0.07 0.99

20F

Iog(N{i;mproved)

_
o
T

21 25 29 | Dcreation, MD
O x % |measures Ni |
o) % | NLfor lin. regression

—— | linear regression

4 3 T 0
log(1/r)

Figure A.2.: Exemplary log-log plot showing measures (N2™P"*! scaling variable r)
obtained with the improved DBCM for three different images (theoret-

ical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with MD,
2048 x 2048 pixels). Coloured markers indicate optimized scale-ranges that
were used for fitting linear regressions (solid lines).
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A.2.2. Fourier Method

Table A.3.: RMSD and R? fit for each image size separately given for each generator (MD,
FFT, Takagi). Power spectrum values of the lowest naj distance values in k-
space were used for estimation of D.

MD FFT Takagi
image size  nar | RMSD R* fit | RMSD R*fit | RSMD R” fit

512 x 512 1000 | 0.12 0.54+£0.03| 0.14 043+£0.03| 1.26 0.30
1024 x 1024 1000 | 0.12  0.54+0.03 | 0.14 043+0.03 | 1.39 0.29
2048 x 2048 1000 | 0.12 0.54£0.03| 0.14 043+£0.03| 1.56 0.28
4096 x 4096 1000 | 0.12  0.54£0.03 | 0.14 043£0.03| 1.60 0.26

45 T T T
21 25 29 |Dcreaﬁon1 MD
401 O x % |measures P(k)
(o] * | P(k) for lin. regression
= —— | linear regression
=X 35[
S
Q
N
D 30}

20F

1 5 2 25 3

log(Ak)

Figure A.3.: Exemplary log-log plot showing measures (P(k), scaling variable Ak) obtained
with the Fourier Method for three different images (theoretical D-values: 2.1
(circles), 2.5 (crosses), and 2.9 (stars), created with MD, 2048 x 2048 pixels).
Coloured markers indicate optimized scale-ranges that were used for fitting
linear regressions (solid lines).
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A.2.3. 2D Higuchi Method

Table A.4.: RMSD and R? fit for the three best scale ranges k obtained with the 2D Higu-
chi Method for each image size separately given for each generator (MD, FFT,

Takagi).
MD FFT Takagi
image size k RMSD R? fit ‘ RMSD R? fit ‘ RSMD R? fit
4 -8 0.06 0.99 £0.01 0.10 0.99 £ 0.01 0.04 0.99
512 x 512 3—8 0.06 0.99 £0.01 0.10 0.99+£0.01 0.04 0.99
3—9 0.06 0.99 £0.01 0.10 0.99+£0.01 0.04 0.99
4—8 0.05 0.99 +0.01 0.08 0.99 +£0.01 0.03 0.99
1024 x 1024 5—10 0.05 0.99 +0.01 0.09 0.99 £ 0.01 0.03 0.99
3—9 0.06 0.99 £0.01 0.08 0.99 +£0.01 0.03 0.99
5—10 0.05 0.99 £0.01 0.07 0.99+£0.01 0.03 0.99
2048 x 2048 5 —12 0.04 0.99 +0.01 0.07 0.99+£0.01 0.03 0.99
6 — 16 0.04 0.99 £0.01 0.07 0.99+£0.01 0.03 0.99
7—16 0.04 0.99 £ 0.01 0.06 0.99 4+ 0.01 0.02 0.99
4096 x 4096 7—17 | 0.03 0.99 £0.01 0.06 0.99 £ 0.01 0.02 0.99
8 —16 0.03 0.99 £0.01 0.06 0.99 +£0.01 0.03 0.99
20
21 25 29 I Dcreation, MD
18f O x % |measures A(k)
(@) % | A(k) for lin. regression
16f S —— | linear regression

 log(A(K)

o]
T

Figure A.4.: Exemplary log-log plot showing measures (A(k), scaling variable k) obtained
with the 2D Higuchi Method for three different images (theoretical D-values:
2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with MD, 2048 x 2048
pixels). Coloured markers indicate optimized scale-ranges that were used for
fitting linear regressions (solid lines).



182

A.2. Evaluation of Fractal Algorithms

A.2.4. Minkowski Blanket Method

Table A.5.: RMSD and R? fit for the three best numbers of blankets § obtained with the
Minkowski Blanket Method (Peleg) for each image size separately given for
each generator (MD, FFT, Takagi).

MD FFT Takagi
image size 5 | RMSD R* fit | RMSD R*fit | RSMD RZ fit
1-5| 0.04 099£0.01| 008 0.99+0.01| 0.03 0.99
512x 512 1—-61| 0.05 0994+0.01| 0.08 0.99+£0.01]| 0.03 0.99

1—4] 004 099£0.01| 0.08 0.99+0.01| 0.04 0.99

1—41] 0.08 099£0.01| 0.09 0.99+0.01| 0.03 0.99
1024 x 1024 1—-5| 0.08 0.98+£0.01| 0.08 0.9940.01 ] 0.02 0.99

1-6| 0.09 098£0.01| 008 0.99+0.01| 0.02 0.99

1—41] 012 098£0.02| 0.10 0.99+0.01| 0.06 0.99
2048 x 2048 1—5| 0.13 0974+0.02 | 0.10 0.99+0.01 | 0.06 0.99

1-6| 014 09740.02| 010 0.99+0.01| 0.07 0.99

1—4| 0.16 0954+0.03| 0.14 099+0.01] 0.12 0.99
4096 x 4096 1—-5| 0.17 095+0.03| 0.14 0.99+£0.01 | 0.12 0.99

1-6] 018 094£0.03| 014 099+0.01| 0.13 0.99

20 T T
21 25 29 | Dcreation, MD
o O x % |measures A(d)

___18f (o] % | A(D) for lin. regression | |

6  — —— | linear regression

&’ 17k

8 16}

-
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Figure A.5.: Exemplary log-log plot showing measures (A(9), scaling variable d) obtained
with the Minkowski Blanket Method (Peleg) for three different images (theor-
etical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with MD,
2048 x 2048 pixels). Coloured markers indicate optimized scale-ranges that
were used for fitting linear regressions (solid lines).
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Table A.6.: RMSD and R? fit for the three best numbers of blankets n obtained with the
Minkowski Blanket Method (Dubuc) for each image size separately given for
each generator (MD, FFT, Takagi).

MD FFT Takagi

image size n RMSD R?fit [ RMSD R?fit [RSMD R?fit
1—100| 0.17 0.99+£0.01 0.17 099 +£0.01 0.14 0.99
512 x 512 1—-99 0.17  0.99 £0.01 0.17  0.99 £0.01 0.14 0.99
1—-98 0.18 0.99+£0.01 0.17 0.99+£0.01 0.14 0.99
1—100| 0.16 0.99+0.01 0.15 0.99 +0.01 0.13 0.99
1024 x 1024 1—99 0.16  0.99 £0.01 0.15 0.99 £ 0.01 0.13 0.99
1—98 0.16  0.99£0.01 0.15 0.99 £ 0.01 0.13 0.99
1—-1001| 0.15 0.9940.01 0.15 0.99 £ 0.01 0.12 0.99
2048 x 2048 1 —99 0.15 0.99+£0.01 0.15 0.99 £0.01 0.12 0.99
1—098 0.15  0.99+0.01 | 0.15 0.994+0.01| 0.12 0.99
1—100| 0.14 0.99+£0.01 0.15 0.99 £ 0.01 0.12 0.99
4096 x 4096 1—99 0.14 0.99 +0.01 0.15 0.99 +0.01 0.12 0.99
1—-98 0.14 0.99+£0.01 0.15 0.99 £ 0.01 0.12 0.99

22— ' '

21 25 29 | Dcreation, MD

20

[| O x % |measures V(n)e}
(o) #* | V(n)/e3 for lin. regression
—— | linear regression

-
(o]
T

log(V(n)/e?)
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RS
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5 6
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Figure A.6.: Exemplary log-log plot showing measures (V' (n), scaling variable €,) obtained
with the Minkowski Blanket Method (Dubuc) for three different images (the-
oretical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with MD,
2048 x 2048 pixels). Coloured markers indicate optimized scale-ranges that
were used for fitting linear regressions (solid lines).
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A.2.5. Triangular Prism Method

Table A.7.: RMSD and R? fit for the three best scale ranges obtained with the TPM for
each image size separately given for each generator (MD, FFT, Takagi). The
scale values are given as exponents of 2, i.e. scales=0—5 — s =20 — 25,

MD FEFT Takagi
image size  scales | RMSD R?fit | RMSD R*fit [ RSMD R*fit
0—5 0.07  09940.01] 0.11 0.99+0.01| 0.10 0.99
512 x 512 0—-4 0.05 099+0.01] 0.10 0.9940.01| 0.12 0.99
0—6 0.08 099+0.01] 0.12 0.9940.01| 0.09 0.98
0—-31] 008 099+£0.01| 0.10 0.9940.01] 0.15 0.98
1024 x 1024 0—4 0.10 09940.01 | 0.10 0.99+0.01| 0.15 0.99
0—5 0.13 09940.01 | 010 0.99+0.01| 0.14 0.99
0—3 0.12 098+0.01| 0.12 0.9940.01| 0.17 0.97
2048 x 2048 0—4 0.14 097r+0.01| 0.13 0.9940.01| 0.17 0.98
0—5 0.18 097+0.01] 0.14 0.9940.01| 0.18 0.99
0—-3 0.16 0974+0.01] 0.16 0.99+0.01| 0.19 0.96
4096 x 4096 0—4 0.19 09540.01 ] 0.17 0.99+0.01 | 0.20 0.96
0—5 0.22 09440.01] 019 0.99+0.01| 0.21 0.97
20 T
19F 21 25 29 Dcreation, MD
O x % |measures A
18} : By
(@) % | Aforlin. regression
17F linear regression
g 16}
Bt

3 4
log(s)
Figure A.7.: Exemplary log-log plot showing measures (A, scaling variable s) obtained with
the TPM for three different images (theoretical D-values: 2.1 (circles), 2.5
(crosses), and 2.9 (stars), created with MD, 2048 x 2048 pixels). Coloured

markers indicate optimized scale-ranges that were used for fitting linear re-
gressions (solid lines).
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A.2.6. Pyramid Triangular Prism Method

Table A.8.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PTPM (bicubic interpolation) for each image size separately given for each
generator (MD, FFT, Takagi). The scale-down factor ranges (scales) are given
as exponents of 2, i.e. scales= 0 — 5 — s, = 20 — 25,

MD FFT Takagi
image size  scales | RMSD R* fit | RMSD R*fit | RSMD RZ fit
0—4 0.02 0954£0.01] 011 0.99+£0.01| 0.05 0.99
512 x 512  0—=5 0.05  095£0.01| 0.12 0.99+0.01| 0.04 0.99
1—-4 0.09 099+£0.01] 0.11 0994+0.01| 0.04 0.99
0—4 0.07 091+£0.02] 0.04 0994+0.01| 0.03 0.98
1024 x 1024 0-—3 0.07  092+£0.02| 0.05 0.994+0.01 | 0.08 0.98
0—-5 0.12  0914£0.02 ] 007 0.99+£0.01 | 0.05 0.97
0—-3| 0.09 089+£0.02] 0.03 0.99+0.01| 0.08 0.96
2048 x 2048 0—4 0.12 087£0.02| 0.06 0.99+0.01| 0.07 0.96
0—-5 0.18° 0.86£0.02| 011 098+0.01| 0.11 0.95
0—-3 0.13 087+£0.02] 0.08 0.9740.01 0.1 0.93
4096 x 4096 0—4 0.17 0.844+0.02] 0.12 0964001 | 0.12 0.91
0—-5 0.23 0.81£+0.02| 0.17 095+0.01| 0.17 0.9
20 r
19} 2.1 25 2.9 | Dereation, MD
O x % |[measuresA,
18 . . b
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Figure A.8.: Exemplary log-log plot showing measures (A, scaling variable s,,) obtained
with the PTPM (bicubic interpolation) for three different images (theoretical
D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with MD, 2048 x
2048 pixels). Coloured markers indicate optimized scale-ranges that were used
for fitting linear regressions (solid lines).
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Table A.9.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PTPM (bilinear interpolation) for each image size separately given for each
generator (MD, FFT, Takagi). The scale-down factor ranges (scales) are given

as exponents of 2, i.e. scales= 0 —5 — s, = 20 — 25,

MD FFT Takagi
image size  scales | RMSD R*fit | RMSD R*fit | RSMD RZ fit
0-5 0.05  0.9240.02] 013 0.99+0.01] 0.04 0.98
512 x 512 0—4 0.04 092£0.02| 0.15 0.994+0.01| 0.08 0.98
1—-4 0.12 099+0.01 ] 0.12 0.9940.01| 0.05 0.99
0—4 0.07  088=£0.02| 0.06 098+0.01| 0.04 0.96
1024 x 1024 0—5 0.12  0874£0.02 ] 0.07 0.97+£0.01 | 0.05 0.96
0—-3 0.11 0.90+0.02 | 0.11 0.98 +0.01 0.11 0.97
0—4 0.12 083=£0.02] 0.04 0.96+0.01| 0.07 0.93
2048 x 2048 0—3 0.11  08640.02 | 0.05 0.97+£0.01| 0.10 0.94
0—95 0.18 0.81+0.02] 0.11 0.95+0.01 0.11 0.92
0—-3 0.13 0.84+0.02] 0.06 0944001 0.11 0.91
4096 x 4096 0 —4 0.17  0.794£0.02 | 0.11 0.93+£0.01| 0.12 0.89
0-51| 023 076=£0.02] 017 0914+£0.01| 0.17 0.87
20 T
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Figure A.9.: Exemplary log-log plot showing measures (A, scaling variable s,,) obtained
with the PTPM (bilinear interpolation) for three different images (theoretical
D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with MD, 2048 x
2048 pixels). Coloured markers indicate optimized scale-ranges that were used
for fitting linear regressions (solid lines).
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Table A.10.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PTPM (nearest neighbour interpolation) for each image size separately
given for each generator (MD, FFT, Takagi). The scale-down factor ranges
(scales) are given as exponents of 2, i.e. scales= 0 — 5 — 5, = 20 — 25,

MD FFT Takagi
image size  scales | RMSD R* fit | RMSD R*fit | RSMD RZ fit
0-5| 007 098+£0.01] 0.10 0.994+0.01| 0.10 0.99
512x 512 0—4| 005 098+0.01| 0.10 099£0.01| 0.12 0.99
0—-3| 004 098+£001] 0.10 099+£0.01| 0.14 0.99
0—-3| 008 097+£0.01] 0.10 0.994+0.01| 0.15 0.98
1024 x 1024 0—4 1| 0.10 0.96=£0.01| 0.10 0994+0.01 | 0.15 0.99
0—-5 0.13 096=+0.01| 010 0.99+0.01| 0.14 0.99
0-3| 012 095+£0.01] 0.13 099£0.01| 0.17 0.97
2048 x 2048 0—4 | 0.15 094£0.01| 0.13 0.99+0.01| 0.17 0.98
0—-5 0.18  093+£0.01] 014 099+£0.01| 0.18 0.99
0-31| 016 095£0.01| 0.16 0994+0.01| 0.19 0.96
4096 x 4096 0—4 | 0.19 092£0.01| 0.17 0.99 +£0.01 0.2 0.96
0—-5 022 091+£0.02] 0.19 0994£0.01| 0.21 0.97
20 T
19F 21 25 29 | Dcreation,MD
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Figure A.10.: Exemplary log-log plot showing measures (A, scaling variable s,) obtained
with the PTPM (nearest neighbour interpolation) for three different images
(theoretical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with
MD, 2048 x 2048 pixels). Coloured markers indicate optimized scale-ranges
that were used for fitting linear regressions (solid lines).
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A.2.7. Pyramid Gradient Method

Table A.11.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PGM (simple kernel, bicubic interpolation) for each image size separately
given for each generator (MD, FFT, Takagi). The scale-down factor ranges
(scales) are given as exponents of 2, i.e. scales= 0 —5 — s, = 20 — 25,

MD FFT Takagi
image size  scales | RMSD R*fit | RMSD R*fit | RSMD RZ fit
-3 0.07  0994£0.01 ] 0.07 0.99+0.01| 0.05 0.99
512x 512 0—-4 | 013 099+£001| 0.09 099£0.01| 0.09 0.99
0—-5 0.18 099£0.01] 0.12 0.99+0.01| 0.13 0.99
0-3 0.11  099=£0.01] 0.04 0.994+0.01| 0.07 0.99
1024 x 1024 0—-4 | 0.16 0.99+£0.01| 0.08 099+0.01| 0.11 0.99
0-5 0.21  0994+£0.01] 0.13 0.99+£0.01| 0.15 0.99
0—-3 0.15 099£0.01] 0.08 0.994+0.01]| 0.11 0.99
2048 x 2048 0—4 0.2 0.99+0.01| 0.12 099+0.01| 0.15 0.99
0—-5 0.25 099£0.01] 017 0.99+0.01| 0.19 0.99
0—-3 0.19 0994+£0.01] 013 0.99+£0.01| 0.16 0.99
4096 x 4096 0—4 | 024 099+£0.01 | 0.17 0.994+0.01 0.2 0.99
0-5 0.29 0994+0.01| 022 099+£0.01| 0.24 0.99
20 T T T
21 25 29 | Dcreation, MD
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Figure A.11.: Exemplary log-log plot showing measures (A, scaling variable s,) obtained
with the PGM (simple, bicubic interpolation) for three different images (the-
oretical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with
MD, 2048 x 2048 pixels). Coloured markers indicate optimized scale-ranges
that were used for fitting linear regressions (solid lines).
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Table A.12.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PGM (simple kernel, bilinear interpolation) for each image size separately
given for each generator (MD, FFT, Takagi). The scale-down factor ranges
(scales) are given as exponents of 2, i.e. scales= 0 — 5 — 5, = 20 — 25,

MD FFT Takagi
image size  scales | RMSD R* fit | RMSD R*fit | RSMD RZ fit
-3 0.06 0994+0.01] 0.09 0994001 0.03 0.99
512 x 512 0—14 0.12 0.99+0.01 0.09 0.99+0.01 0.07 0.99
0—5 0.18 0.99+£0.01 0.13  0.99 £0.01 0.13 0.99
0-3 0.10 0.99+£0.01 0.03 0.99+£0.01| 0.04 0.99
1024 x 1024 0—4 0.16 0.99+£0.01 0.07 0.99+£0.01] 0.10 0.99
0-—5 0.22 0.99+0.01 0.13 0.99+£0.01] 0.15 0.99
0—-3 0.14 0.99+0.01 0.05 0.99+£0.01 0.09 0.99
2048 x 2048 0—4 0.20 0.99 £ 0.01 0.11 0.99 £ 0.01 0.14 0.99
0-5 0.26 0.99+£0.01 0.17 0.99+0.01] 0.19 0.99
0-3 0.18 0.99+£0.01 0.11 0.994+0.01| 0.14 0.99
4096 x 4096 0—4 0.24 0.99+0.01 0.17 0.994+0.01 | 0.19 0.99
0—-5 0.30 0.994+0.01| 022 099=+0.01| 0.24 0.99

21 25 29 | Dcreation,MD
O x % |measuresA,
0] * | A, for lin. regression ]
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Figure A.12.: Exemplary log-log plot showing measures (A, scaling variable s,) obtained
with the PGM (simple, bilinear interpolation) for three different images (the-
oretical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with
MD, 2048 x 2048 pixels). Coloured markers indicate optimized scale-ranges
that were used for fitting linear regressions (solid lines).
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Table A.13.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PGM (simple kernel, nearest neighbour interpolation) for each image size
separately given for each generator (MD, FFT, Takagi). The scale-down factor
ranges (scales) are given as exponents of 2, i.e. scales= 0 — 5 — s, = 20 — 25.

MD FFT Takagi
image size  scales | RMSD R*fit | RMSD R*fit | RSMD RZ fit
0—-3 0.12  0994+0.01] 0.10 0.99+0.01| 0.08 0.99
512x 512 0—4 | 015 099+£001| 0.11 099£0.01| 0.10 0.99
1—-4 0.18 0.99+0.01 0.12 0.99+0.01 0.12 0.99
0—-3 0.14 099£0.01] 0.10 0.994+0.01| 0.10 0.99
1024 x 1024 0—4 | 0.18 0.99+0.01| 0.12 099+0.01| 0.13 0.99
1—-4 0.22 0.99+0.01 0.13  0.99+0.01 0.15 0.99
0-3 0.18 099£0.01] 013 099=+0.01| 0.13 0.99
2048 x 2048 0—4 | 0.21 099£0.01| 0.15 099+0.01| 0.16 0.99
1—4| 025 0994+001] 016 0.99+£0.01 | 0.20 0.99
0—-3 0.21  0994+0.01] 0.17 0.99+£0.01| 0.18 0.99
4096 x 4096 0—4 | 025 0994+£0.01| 019 0.99+£0.01| 0.21 0.99
1—41] 029 0994+£0.01| 021 0.99+£0.01| 0.25 0.99
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21 25 29 | Dcreation, MD
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Figure A.13.: Exemplary log-log plot showing measures (A,, scaling variable s,) obtained
with the PGM (simple kernel, nearest neighbour interpolation) for three
different images (theoretical D-values: 2.1 (circles), 2.5 (crosses), and 2.9
(stars), created with MD, 2048 x 2048 pixels). Coloured markers indicate op-
timized scale-ranges that were used for fitting linear regressions (solid lines).
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Table A.14.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PGM (Sobel kernel, bicubic interpolation) for each image size separately
given for each generator (MD, FFT, Takagi). The scale-down factor ranges
(scales) are given as exponents of 2, i.e. scales= 0 — 5 — 5, = 20 — 25,

MD FFT Takagi
image size  scales | RMSD R* fit | RMSD R*fit | RSMD RZ fit
-3 0.12 0.994+0.01] 0.08 0.994+0.01| 0.06 0.99
512 x 512 0—14 0.17 0.99+0.01 0.11 0.99 £ 0.01 0.09 0.99
0—5 0.21 0.99 £ 0.01 0.15 0.99 £0.01 0.14 0.99
0-3 0.16 0.99+£0.01 0.07 0.99+0.01 0.08 0.99
1024 x 1024 0—4 0.21 0.99 £ 0.01 0.11 0.99 £ 0.01 0.12 0.99
0-—5 0.25 0.99+£0.01 0.16 0.99+0.01 0.16 0.99
0—-3 0.20 0.99+£0.01 0.10 0.99 £0.01 0.12 0.99
2048 x 2048 0—4 0.25 0.99+£0.01 0.15 0.99 £0.01 0.16 0.99
0-5 0.29 0.99+£0.01 0.20 0.99+0.01 0.20 0.99
0-3 0.24 0.99+0.01 0.15 0.99+0.01 0.17 0.99
4096 x 4096 0 —4 0.28 0.99+0.01 0.20 0.99+0.01 0.21 0.99
0—-5 0.33 0.99+0.01] 025 0994001 0.25 0.99

21 25 29 | Dcreation,MD
O x % |measuresA,
0] * | A, for lin. regression ]
—_ —— | linear regression
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Figure A.14.: Exemplary log-log plot showing measures (A, scaling variable s,) obtained
with the PGM (sobel, bicubic interpolation) for three different images (theor-
etical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with MD,
2048 x 2048 pixels). Coloured markers indicate optimized scale-ranges that
were used for fitting linear regressions (solid lines).
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Table A.15.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PGM (Sobel kernel, bilinear interpolation) for each image size separately
given for each generator (MD, FFT, Takagi). The scale-down factor ranges
(scales) are given as exponents of 2, i.e. scales= 0 — 5 — s, = 20 — 25,

MD FFT Takagi
image size  scales | RMSD R*fit | RMSD R*fit | RSMD RZ fit
0—-31] 011 099+£0.01| 0.08 0.99+0.01| 0.04 0.99
512 x 512 0—4 0.17  09940.01 | 0.11 0.99+0.01 | 0.08 0.99
0—-95 0.22 09940.01| 015 099+0.01| 0.14 0.99
0—-3 0.15  0994£0.01] 0.05 0.99+£0.01| 0.05 0.99
1024 x 1024 0—4 0.20 099+0.01] 0.10 0.9940.01| 0.11 0.99
0—5 0.25 099+0.01] 0.16 0.9940.01| 0.16 0.99
0—-3 0.19 0994£0.01] 0.08 0.99=+0.01| 0.10 0.99
2048 x 2048 0—4 024 09940.01] 014 0.99+0.01| 0.15 0.99
0—-5 0.29 0994£0.01] 020 0.99+£0.01 | 0.20 0.99
0—-3 0.23 099+0.01] 0.14 0.9940.01| 0.15 0.99
4096 x 4096 0 —4 0.28 0.994+0.01 ] 020 0.99+0.01 | 0.20 0.99
0—-51 033 099£0.01] 025 099+0.01| 0.25 0.99
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Figure A.15.: Exemplary log-log plot showing measures (A,, scaling variable s,) obtained
with the PGM (sobel, bilinear interpolation) for three different images (the-
oretical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with
MD, 2048 x 2048 pixels). Coloured markers indicate optimized scale-ranges
that were used for fitting linear regressions (solid lines).
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Table A.16.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PGM (Sobel kernel, nearest neighbour interpolation) for each image size
separately given for each generator (MD, FFT, Takagi). The scale-down factor
ranges (scales) are given as exponents of 2, i.e. scales= 0 — 5 — s, = 20 — 25.

MD FFT Takagi
image size  scales | RMSD R* fit | RMSD R*fit | RSMD RZ fit
0—-31| 015 099+£0.01| 0.10 0.994+0.01 | 0.08 0.99
512 x 512 0—4 0.18 0994+0.01 ] 0.12 0.99+£0.01 | 0.10 0.99
1—-4 0.22 0.99+4+0.01 0.14  0.994+0.01 0.12 0.99
0—3 0.18 0.994+0.01] 0.10 0.9940.01| 0.10 0.99
1024 x 1024 0 —4 0.21 0994+0.01] 0.13 0.9940.01| 0.13 0.99
1—4 0.26 0.994+0.01] 0.15 0994001 0.16 0.99
0—-3 021 099+0.01] 0.13 099+0.01] 0.14 0.99
2048 x 2048 0—4 0.25 099+0.01| 0.16 0.99+0.01| 0.17 0.99
1—4 029 09940.01] 0.19 0.9940.01| 0.20 0.99
0—-3 0.25 0994+0.01] 0.17 0.994+0.01| 0.18 0.99
4096 x 4096 0—4 0.29 0994+0.01] 021 099+£0.01 | 0.22 0.99
1—-4 0.33 0994+0.01] 024 0.99+£0.01 | 0.25 0.99
20 T r T
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Figure A.16.: Exemplary log-log plot showing measures (A, scaling variable s,) obtained
with the PGM (sobel kernel, nearest neighbour interpolation) for three differ-
ent images (theoretical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars),
created with MD, 2048 x 2048 pixels). Coloured markers indicate optimized
scale-ranges that were used for fitting linear regressions (solid lines).
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A.2.8. Pyramid Differences Method

Table A.17.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PDM (bicubic interpolation) for each image size separately given for each
generator (MD, FFT, Takagi). The scale-down factor ranges (scales) are given

as exponents of 2, i.e. scales= 0 —5 — s, = 20 — 25.

MD FFT Takagi
image size  scales | RMSD R*fit | RMSD R*fit | RSMD RZ fit
1—41] 008 0994£0.01| 019 0.99+£0.01| 0.07 0.99
512 x 512 1-=5| 009 099+£0.01] 024 099=£0.01| 0.09 0.99
0—-41] 017 099+0.01| 0.18 099=£0.01| 0.13 0.99
1-41] 006 099£0.01| 012 0.99=£0.01] 0.05 0.99
1024 x 1024 1-5| 006 0.99+£0.01| 0.15 099=£0.01| 0.06 0.99
2—-5| 005 099+£001| 0.18 099£0.01 | 0.06 0.99
1—41 005 099£0.01| 008 099+£0.01| 0.05 0.99
2048 x 2048 1—5 1| 0.05 0.99=x0.01 0.1 0.99+0.01 | 0.05 0.99
2—-51] 004 099+£0.01| 0.12 099£0.01 | 0.04 0.99
2—-5| 003 099+£001| 0.08 099£0.01| 0.03 0.99
4096 x 4096 1—4 1| 0.05 099+0.01| 0.06 099+£0.01 ] 0.04 0.99
1-5] 005 099£0.01| 0.07 099+£0.01| 0.04 0.99
20
18F
16|
__ap
Sj 12
810
8-
GE 21 25 29 | Dcreation, MD
4f O x % [measures A, ]
(@) % | Ap for lin. regression
2r e —— | linear regression
0

% 3 2 0
log(s,)
Figure A.17.: Exemplary log-log plot showing measures (A,,, scaling variable s,) obtained
with the PDM (bicubic interpolation) for three different images (theoretical
D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with MD, 2048 x
2048 pixels). Coloured markers indicate optimized scale-ranges that were
used for fitting linear regressions (solid lines).
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Table A.18.: RMSD and R? fit for the three best scale-down factor ranges obtained with

the PDM (bilinear interpolation) for each image size separately given for each
generator (MD, FFT, Takagi). The scale-down factor ranges (scales) are given
as exponents of 2, i.e. scales= 0 — 5 — s, = 20 — 25,

MD FFT Takagi
image size  scales | RMSD R* fit | RMSD R*fit | RSMD RZ fit
1—4 0.09 0994+0.01] 024 0994001 0.08 0.99
512 x 512 1-5 0.10 0994+0.01 ] 0.29 0.99+£0.01 | 0.10 0.99
2—-5 0.10 0.9940.01| 033 099+0.01| 0.11 0.99
1—-4 0.07  0994+0.01] 0.16 0.99+0.01| 0.06 0.99
1024 x 1024 1-5 0.07 0.9940.01| 019 0.99+0.01| 0.07 0.99
2—95 0.06 0.994+0.01| 022 099=+0.01| 0.07 0.99
1—-4 0.07  0994+0.01] 0.11 0.99+£0.01| 0.05 0.99
2048 x 2048 1 -5 0.06 099+40.01] 0.13 0.994+0.01| 0.05 0.99
2—5 0.04 0994+0.01 ] 0.14 0.99+0.01 | 0.05 0.99
2—95 0.03 0.994+0.01] 0.10 0.9940.01| 0.03 0.99
4096 x 4096 1—-4 0.06 0.994+0.01 ] 0.08 0.99+£0.01 | 0.05 0.99
1-5 0.05  0.99£0.01| 0.09 0.99+0.01| 0.04 0.99
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Figure A.18.: Exemplary log-log plot showing measures (A,,, scaling variable s,) obtained
with the PDM (bilinear interpolation) for three different images (theoretical
D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with MD, 2048 x
2048 pixels). Coloured markers indicate optimized scale-ranges that were
used for fitting linear regressions (solid lines).



196 A.2. Evaluation of Fractal Algorithms

Table A.19.: RMSD and R? fit for the three best scale-down factor ranges obtained with
the PDM (nearest neighbour interpolation) for each image size separately
given for each generator (MD, FFT, Takagi). The scale-down factor ranges
(scales) are given as exponents of 2, i.e. scales= 0 — 5 — s, = 20 — 25,

MD FFT Takagi
image size  scales | RMSD R*fit | RMSD R*fit | RSMD RZ fit
0-5 0.0 0994+0.01] 0.13 0.99+0.01| 0.10 0.99
512 x 512 0—4 0.06 09940.01 ] 0.10 0.99+£0.01| 0.13 0.99
1-5 0.03 099+0.01] 0.16 0.9940.01| 0.09 0.99
2—95 0.02 099+0.01] 0.12 0.9940.01| 0.07 0.99
1024 x 1024 0—6 0.04 099+0.01] 0.11 0.9940.01| 0.08 0.99
0—-5 0.04 09940.01] 0.09 099+£0.01| 0.12 0.99
2—-6 0.02 099+0.01] 0.11 0.9940.01| 0.05 0.99
2048 x 2048 2 -5 0.02 099+0.01] 0.09 0.9940.01| 0.08 0.99
0—7 0.03 0994£0.01| 010 0.99+£0.01| 0.07 0.99
3—6 0.02  0994+0.01] 0.09 099+£0.01| 0.04 0.99
4096 x 4096 2 —6 0.02  09940.01 | 007 0.99+£0.01| 0.07 0.99
2—7| 002 099+£001| 0.09 0994£0.01| 0.04 0.99
20
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Figure A.19.: Exemplary log-log plot showing measures (A,,, scaling variable s,) obtained
with the PDM (nearest neighbour interpolation) for three different images
(theoretical D-values: 2.1 (circles), 2.5 (crosses), and 2.9 (stars), created with
MD, 2048 x 2048 pixels). Coloured markers indicate optimized scale-ranges
that were used for fitting linear regressions (solid lines).
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A.3. Comparison of Diagnoses

The following Tables show the correlations of the diagnoses between the

human experts and the best automated methods for image sets Ila and IIb.

A.3.1. Image Set lla

Table A.20.: Correlation of diagnoses of the 70 images of image set Ila showing different
types of myocardial fibrosis, human expert 1 vs. human expert 2.

Human Expert 1
Human Expert 2 | no fibrosis interstitial  compact diffuse patchy
no fibrosis 9 1 0 1 0
interstitial 1 15 0 1 1
compact 0 0 13 0 0
diffuse 0 1 0 11 1
patchy 0 0 0 0 15

Table A.21.: Correlation of diagnoses of the 70 images of image set Ila showing different
types of myocardial fibrosis, human expert 1 vs. automated classification

(PDM,r3,lin.thresholds).

Automated Human Expert 1

Diagnosis | no fibrosis interstitial = compact diffuse patchy
no fibrosis 8 1 0 1 0
interstitial 2 10 0 0 0
compact 0 0 12 1 4
diffuse 0 3 0 7 0
patchy 0 3 1 4 13

Table A.22.: Correlation of diagnoses of the 70 images of image set Ila showing different
types of myocardial fibrosis, human expert 2 vs. automated classification

(PDM,r3,lin.thresholds).

Automated Human Expert 2

Diagnosis | no fibrosis interstitial  compact diffuse patchy
no fibrosis 10 0 0 0 0
interstitial 1 11 0 0 0
compact 0 0 12 1 4
diffuse 0 3 0 7 1
patchy 0 4 1 5 11
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A.3.2. Image Set Ilb

Table A.23.: Correlation of diagnoses of the 110 images of image set IIb showing different
types of myocardial fibrosis, human expert 1 vs. human expert 2.

Human Expert 2

no fibrosis
interstitial
compact
diffuse

patchy

no fibrosis

13

SO OoO

interstitial

Human Expert 1

compact diffuse patchy
3 0 0 2
20 0 5 3
0 25 0 0
2 0 11 1
0 4 0 20

Table A.24.: Correlation of diagnoses of the 110 images of image set IIb showing different
types of myocardial fibrosis, human expert 1 vs. human expert 3.

Human Expert 3

no fibrosis
interstitial
compact
diffuse
patchy

no fibrosis

SO = O Otoo

Human Expert 1

interstitial  compact diffuse patchy
0 0 0 0
20 0 1 1
0 28 0 2
3 0 14 2
2 1 1 21

Table A.25.: Correlation of diagnoses of the 110 images of image set IIb showing different
types of myocardial fibrosis, human expert 2 vs. human expert 3.

Human Expert 3

no fibrosis
interstitial
compact
diffuse
patchy

no fibrosis

— O O W

Human Expert 2

interstitial  compact diffuse patchy
0 0 0 0
15 0 3 0
0 24 0 6
8 0 10 2
6 1 1 16
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Table A.26.: Correlation of diagnoses of the 110 images of image set IIb showing differ-
ent types of myocardial fibrosis, human expert 1 vs. automated classification

(PGM,ry,lin.thresholds).

Automated Human Expert 1

Diagnosis | no fibrosis interstitial = compact diffuse patchy
no fibrosis 7 0 0 0 0
interstitial 6 21 0 2 4
compact 0 0 19 0 1
diffuse 1 2 2 11 3
patchy 0 2 8 3 18

Table A.27.: Correlation of diagnoses of the 110 images of image set IIb showing differ-
ent types of myocardial fibrosis, human expert 2 vs. automated classification

(PGM,ry lin.thresholds).

Automated Human Expert 2

Diagnosis | no fibrosis interstitial  compact diffuse patchy
no fibrosis 7 0 0 0 0
interstitial 11 18 0 3 1
compact 0 0 19 0 1
diffuse 0 7 1 8 3
patchy 0 4 5) 3 19

Table A.28.: Correlation of diagnoses of the 110 images of image set IIb showing differ-
ent types of myocardial fibrosis, human expert 3 vs. automated classification

(PGM,ry,lin.thresholds).

Automated Human Expert 3

Diagnosis | no fibrosis interstitial =~ compact diffuse patchy
no fibrosis 5 2 0 0 0
interstitial 3 23 0 4 3
compact 0 0 19 0 1
diffuse 0 1 2 13 3
patchy 0 1 9 3 18




"Pathological monsters! cried the terrified mathematician
Every one of them a splinter in my eye

I hate the Peano Space and the Koch Curve

I fear the Cantor Ternary Set

The Sierpinski Gasket makes me wanna cry

And a million miles away a butterfly flapped its wings

On a cold November day a man named Benoit Mandelbrot was born.

Mandelbrot Set, you’re a Rorschach Test on fire
You’re a day-glo pterodactyl

You’re a heart-shaped box of springs and wire
You’'re one badass fucking fractal

And you’re just in time to save the day
Sweeping all our fears away

You can change the world in a tiny way.”

JONATHAN COULTON!?
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